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Property of the solutions of least squares problems

min [|b — Az||, For example...
zeR"

where A € R™*" is “large”, i.e., find & which minimizes ||b — Az||,,

or min

min

e To determine the 3-D structure of protein molecules

e To determine the inner constitution of the earth from

I [

H— | A } * nonzero element the analysis of seismic waves
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WHY DO WE STUDY ?

e To develop faster, more accurate, and more efficient methods for

solving least squares problems
e To solve larger and larger, more and more ill-conditioned problems
e Theoretical understanding of the properties of the solvers

ITERATIVE METHOD

( Iterative methods have advantages for large, sparse problems
The process is described as

1. Choose the initial solution ag K 1
2. For j=1,2,..., Do input £*) — [ update | — output ¥+
3. Update x; with an algorithm repeat |

4. EndDo
We should choose or have to develop better algorithms to achieve faster, more robust, and more accurate convergence

Krylov subspace iterative methods for linear systems use
Km(A,r9) = span {’I'(), Arg,..., Am_l'l'()} for A € R™*™ and initial residual 79 = b — Axg
e The generalized minimal residual (GMRES) method minimizes ||b — Az||, over the subspace
span {v1,v2,...,Vk} = Km(A,1rg), where (vjq1,v;) =0fori=1,2,...,j and (vj41,vj41) = 1
\ e The conjugate gradient method for least squares problems (CGLS) applies the CG method to AT Az = ATb
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/ NUMERICAL EXPERIMENTS

( Table 1: Information of the matrices
Problem m n nnz dens.[%] rank K(A)
Maragal 6 || 21,251 | 10,144 537,694 0.25 | 8,331 | 2.91 x 10°
Maragal-8 || 60,845 | 33,093 | 1,308,415 0-06 - -
100 T 100 T T
CGLS-diagonal scaling =Q=— CGLS:diagonal scaling ==
CGLS-RIF —A— CGLS-Cimrhino NR; 4
10—} BAGMRES-diagonal scalihg —@— 10-1 CGLS-NRSSOR; -+
BAGMRES-RIF —4— BAGMRES:diagona] scaling —@—
BAGMRES-Cimmino NR == BAGMRES-Cimmino NR} —0—
BAGMRES-NRSOR —1- 102 BAGMRESNRSOR; =T~

102

H
9
&

H
9
IS

: L a % B
104 § R

“I Il V m tho«ﬁJ ;:Jz T

H
9
X

AN

Relative residual ||AT7|2/[|ATb|2
E Relative residual ||AT7|2/||ATb|2

1072 1072
Our meth Our me
106 | \C\
0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Number of iterations Number of iterations

\ Figure 1: Convergence history of the relative residuals for Maragal 6 and 8
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