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Plan of this lecture
1.Introduction
Berry phase
Haldane problem in 1D antiferromagnet

2. Topological Hall effects
Quantum Hall effect, Anomalous Hall effect
Spin Hall effect, Hall effect of light
Magnon Hall effect

3. Topological materials
Topological insulators
Topological superconductors
Topological periodic table

4. Physics of non-collinear spin structures
Multiferroics
Spin textures
Skyrmions




Why topology matters ?

1. Gauge structure of electrons in solids
electron wavefunction is often “"constrained” in
sub-Hilbert space = connection and curvature

2. Two sources of "conservation law”
symmeftry is related to conservation - Noether
topological index and quantum protectorate




Symmetry v.s. Topology

Rotational symmetry Winding number N,

Noether's theorem Connectivity of the loop

Conservation of | Conservation of N



Introduction



Before “atomis
-19th century

Atomism
Late 19t cen.

20t century
1900-1925

[

From Ryogo Kubo “Progress in Solid State Physics” 1962

Mechanics elasticity
Electromagnetism  Maxwell equation

e.m. properties of materials
Thermodynamics gas/solution metallurgy

Crystallography Bravais (1848), space group
Optics

Statistical mechanics Maxwell, Boltzmann, Gibbs
electron (Lorentz) theory of metals
Puzzles : thermal radiation, Palmer series, specific heat

1905 Special relativity, 1915 General relativity

Planck (h) , Einstein (photon, specific heat) , Bohr (atom model)
Low temp. phys. Onnes (Liquid He 1908, Superconductivity 1911)
Laue, Bragg (X-ray crystallography 1912)

Born (Lattice dynamics 1915)



1925-1940 Quantum mechanics Schroedinger, Heisenberg
chemical bonds, metallic bonds
1927- Quantum field theory
1940 Seitz Modern Theory of Solids

1941-1945 World War II
Quantum electro-dynamics (Tomonaga, Feynman, Schwinger)
1945 Magnetic resonance
1947 Transistor
1953 Laser
1957 BCS, Kubo formula
1958 Anderson localization
1959 Super-exchange interaction, Anderson, Kanamori-Goodenough
1962 Josephson effect
1964 Kondo effect, DFT
1970- Renormalization group critical phenomena

Synthetic metals polyacethylene  soliton
Charge/spin density wave



Quantum Hall physics High Tc SC 1980’s

] |
Quantum topology Correlation
Topological current New state of matter Nan_o 1990’s
Berry phase fractionalization physics

L. VI A A
4

AHE, SHE Spin liquid Cold atom = spectroscopy

— o r . “ - present
Topological Orbital Quantum Nano
insulator physics simulator devices
Topological Room Quantum Beyond future

orders temp. SC information Moore



Berry Phase



Berry phase
M.V.Berry, Proc. R.Soc. Lond. A392, 45(1984)

H(X) Hamiltonian,

X =(X,, X,,,, X)) Parameters > adiabatic change
170,y (t) = H(X (t))y ()

H(X)¢ (X)=E,(X)g,(X)

eigenvalue and elgens’ra’re for each parameter set X

E, (X (1))
Transitions between eigenstates are forbidden S~———
during the adiabatic change
—

- Projection to the sub-space of Hilbert space
constrained quantum system —— .t




Berry phase
M.V.Berry, Proc. R.Soc. Lond. A392, 45(1984)

o (1) = H (X ©)w (1) y
H (X)d, (X) = E, (X)dh (X) Pt C

t
—(i/h)Iodt'En(X(t'))

(1) =e"Ve $,(X (1))

dy, (1) O, (X (1) _ dX (1) X
m =i (X)L - 1
(T) =" © o ) [ dtE, (X (1) (0) g’Aij

7,(C) =i, dX o <4,(X) | V. (X) > I8
=$ dX e A (X)=[[dSeB,(X)

Connection of the wave-function in the parameter space
—~>Berry phase curvature

Berry Phase



Path integral and Aharonov-Bohm effect

X, o %
a
C, .
a1 ?:1
C, 1
Xo N X, |
Amplitude fromAtoB =) a. a‘a, |,=aa, |, e

j=1

r=rk, X, X, X

n
Berry Phase




Berry phase of 2x2 system - a spin

Z = [ Dn(z) exp[-A({n(r)})]

In(7) >=[cos(8(z) / 2),e" sin(8(z) 1 2)]

B . . A - -
A=|[dr[< n(r)|i|n(r)>+jdr<n(r)| H |n(z) >
0 dT 0

A= isfdr(l— cos 0(r)) 4(z) +fdrH (n())

=I1Sw Berry phase
= solid angle enclosed by the path

A - -
5w =18 [dzen(z) {d;‘(z)xn(f)} = %_ A aHa:]r(lt()t))



Dirac Magnetic monopole

—

—_ - n —_ -
B(n) =S W = V.- xA(n) Berry curvature
n
A () = [S(l—_cos 6’)}& A (1) = _[S(1+_cos 9)}&
nsiné nsin @
Berry connection
Au () — A (n) = —[ 23 }3 - V_A(R)
.. nsin @
N connected by gauge fr.

A[A(ﬁ)]C =475 = 27 xinteger

Dirac quantization condition

ko Yang-Wu construction



aldane problem



1D quantum antiferromagnet - Haldane gap problem

NPNT A

ni = (-1)' ﬁ(xi)
Ay =18 Y (i) =iS (<) s Q%)) =1S > [eX(2ka))— (2K ~1)a))]

i=1,2N i=1,2N k=1,N

oX7) =\ AXT)

27

Q : Skymion number
. How many times the mapping wraps the unit sphere

mapping |
/.
/ (x7)




Gauge theory of 1D quantum antiferromagnet

. 1 .=
A=I2725Q+J.dzdxa|5ﬂ9|2 Non-linear sigma model

—_—

Q=7"07 2=(z,,2,) |2 [P +]z, ’=1
0 1 |
LZIZ&‘ﬂ a,uav_i_al(ay_lay)za |2 1D QED WlTh H: 27ZS
a,=iz,0,2, Emergent Gauge field
0
E=—=e

0 2r 0
—— £ S — — €
27 27

S =1/2 deconfined spinons > gapless quantum liquid

1 1
—e .—é—.—‘—.—_—.—‘.&‘ ——€
2 2

S=1 confined spinons > gapful quantum liquid (Haldane gap)

_e e

e ‘ E:O . _e




Journal of the Physical Society of Japan
Vol. 65, No. 9, September, 1996, pp. 3025-3031
Neutron Scattering Study of Magnetic Excitations
in the Spin § = 1 One-Dimensional Heisenberg
Antiferromagnet Y,BaNiOs

Takehiro SAKAGUCHI*, Kazuhisa KAKURAL Tetsuya YOK0o! and Jun AKimITSU?
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Fig. 6. Constant-Q) scan at various wave vectors to observe

———

the (5557
35,

(1.5, 0.

(1)) excitation at (a) @ = (1.5,0,0), (b) @ =
%), (c) @ = (0.5, 1.1, 0} and (d) Q = (0.5, .77, 0},
represented by the open points. The closed points stand for the
scans at (b) @ = (1.65, 0.835, 0), (c) @ = (0.65, 1.1, 0} and (d)
@ = (0.65, 1.77, 0), respectively. The solid lines in (b)}-(d) rep-
resent least-square fits to three d-like peaks convoluted with the
instrumental resolution as described in the text. The samples
were aligned with its a- and b-axis in the scattering plane.
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S=1/2 spin at the edge of Haldane system

Jitem™) =-0.49
g(Ni)y =22
g (CU)// =2.2

50 1

(a)

OO O

(b) ] ] <
— f
. ‘ |~
@ D LR R s e
01 2 3 4 5 6 7 8 910
Magnetic Field (kQe)

FIG. 4. ESR energy vs external magnetic-field diagram for
the model shown in Fig. 1(b). The arrows show the experi-
. mental fields obtained at the frequency of 9.25 GHz and the
M. Hag | wa r‘a eT al . 1990 arrows with circles those at 21.7 GHz. The broken arrows rep-
resent the theoretical transitions predicted for the frequencies
of 9.25 and 21.7 GHz.
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Topological Hall effects



E
E R
4 doubly
degenerate
positive
energy states.

/\
5 ~ | /1.,
D,

e

Projection onto positive energy state Projection onto each band

mmm) Spin-orbit interaction ) Berry phase
as SU(2) gauge connection of Bloch wavefunction




Berry Phase Curvature in k-space

W (r) = e”“unk (I’) Bloch wavefucntion

An (k) =—1< U, | Vk | U, > Berry phase connection in k-space

X, =1 + An (k) = i@ki + An (k) covariant derivative
[x, y1=i(0, A, (k)-8 A, (K))=iB,,(K) |Cunatureinkspace

w =—i[x,H]= & —i[x,y] N _Kk, +B (k)a_v Anomalous Velocity and
m

dt
v k

oy m oy  Anomalous Hall Effect

Z

e | unk+Ak >

Ak.lunk >

/\k

X y




Electron Wavepacket Dynamics in solids

E - -
A dr(t) = 65nik) = \7nk group velocity
dt ok
/\ dk(t):_avgr)_g(?)xdr(t)
) dt or dt
wave packet

/ > k Boltzmann transport equation
= dk
\J — _ej' - fnkvnk

T 27

/\ 3= e[ 9K =&, ~&n_; =0
- 72 oK

Totally-filled band does not contribute to current.

Only energy dispersion &,(K) matters ?



Intra- and Inter-band matrix elements of current

<nk|J|nk>=-ev,

Wavefunction matters !!

<nk|J|mk

<nk|J|nk >=-e

<nk|J|mk >=—-e<nk|

tE
wave packgt /
>
<nk | oH (k) | Nk >= —eag”—(k)

ok
oH (k)
ok

> K

Even a filled band can

support current

e.g., polarization current
quantum Hall current

0
mK >=—e - <nk|—|mk >
| (8nk gmk) | 8k |



Correct equation of motion
taking into account inter-band matrix element

dr(t) oe (k) = > dk(t
d( ) — ”g ) — Bn(k)x (t) anomalous  Luttinger,
t o k dt Blount,

k-space velocity Niu
curvature

dk(t) a8V (r) _B(r) d r(t)
dt Ol r-space dt
curvature

Origin of the k-space curvature = interband current matrix

B.(K)=VxA () A(K)=i<nk|V[nk>

How the wavefunction is connected in k-space
-> Berry phase



Dirac’'s magnetic monopole in momentum space

P = k :momentum

H=p0o+po,+p,0,

A.(p)=i<y(p)|(@/dp,)|w(p)>
B(p)=V,xA(p) = p/(2| p[’) =solid angle/2

dr(t) |oe, (K)
dt "

group
velocity

Rq

g n (E) X
k-pace-
curvature

d K (t)
dt

anomalous
velocity

Quantal phase can not be

determined self-
consistently

in a single gauge choice

Rp

AHE
SHE
QHE
Pol. current



We start with QED

L :J(iyﬂ[aﬂ —ieAﬂ]—m)yf—% F.F*

v 4-component spinor

)4 = e%/ “w  charge current

Why do we care about spin current ?



Projection onto sub Hilbert space

L=y/(iy"10, ~ieA,]-my -3 FF"  J* =eyyy

charge current

E
A doubly
degenerate
positive
energy states.
>K

Projection onto positive energy state
as SU(2) gauge connection



1/mc2-expansion non-relativistic approximation
R -

L = ik Dy + T — D%y

2m

i 2
L g (EEqT_A A 4 %A"‘ - A“) "

2m 2

1 2 2
+— (B2- B%).

g .7 e
D = ;- IEA-E: Bl IEA-%- W 2-component spinor

g T e a . . - a
Dy = 8o+ i3 Aj—l+ i+ Ao| A, is coupled to spin current |,

SU(2) gauge field U(1) e.m. coupling

Aj = B* Aj = €iarF1> No SU(2) gauge symmetry Il 9 A% = 0



Project out the positron states

ae
4

(" =1"2) z:spinw.f.

vt =f"o.,f +f"fz'0,z n— -
Wy Oy 0y O _dn As(n) Spin Berry phase
dt - Spin motive force

ﬂ Project onto spin wavefunction

+ + |a| “e.m.f." fl"0m
WYy, =1, fj <4 |Zj > </ |Zj >C€ " non-collinear spins

W+(Azfa )W:f+fpga: <Z|t,|Z> ‘“emf” from spin-orbit int.

s W :f+fA>, Maxwell e.m.f.



Solid angle by spins acting as a gauge field

’ Ic,> c; >

A gauge flux @ g "\ N

Sy conduction \
S, electron

|
tiy = t(xlxi)
0; 0, 0; . 0,

= t (cos ) COS 5 + sin ) sin 3 exp(i(¢; — @)))

. 0, .
= tcos 5 exp(ia;;)

acquire a phase factor

scalar spin chirality
Fictitious flux (in a continuum limit) ()

. S
q)ocsi-(sgxsk):% Si k
5;




(a) (b) (¢)

FIG. 1. Typical Feynman paths, projected onto the two-
dimensional plane, which contribute to (a) the boson polariza-
tion Ig, (b) the fermion polarization I1r, and (c) the electron
Green’s function G,. Dashed and solid lines refer to boson and
fermion paths. The circle with radius go ' represents the scale
of the fluctuating gauge-field flux.

N.N. and P.A.Lee PRL 1990
P.A.Lee, X.6. Wen, and N.N. RMP2006



3 Kinds of Current in Solids

1. Ohmic (transport) Current

Dissipation/Joule heating . _ of (¢)
in nonequilibrium state o€

—eE

—_—

2. Topological Current

(k)<E Due to multi-band effect/Berry phase
Dissipationless in equilibrium

The occupied states contribute
Berry phase Polarization current oc f (&)

Quantum Hall current

_ Anomalous Hall current, Spin Hall current
3. Superconducting Current

—
B

Dissipationless in equilibrium
Responding to A
PONAIng < p,



Quantum Hall Effect



Increasing B

B= ’

(a) (c)

Density of States

Integer and Fractional Quantum Hall Effects
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Topological nature of Hall effect - TKNN formula

N . <nE‘Jy‘mE><mIZ‘JX‘nIZ>—(JX<—>Jy)
o, = |Zk f(gn(k))r; A

— ezzﬁl f(e, (R))[Vk X An(IZ)]Z
A (K) = —i<nIZ‘Vk‘nIZ>

eZ

Zb (k)_— N : Chern number = GXV:FN"’

kelst BZ

Imu,,
mappmg

/ / / Reu
L LT "

1st BZ




Edge states

™~
Position - Potential

Chiral Edge Mode
<€

X.G.Wen

S - _% [d?xdtz"a,0,a,

Chern-Simons

m m . )
Seage == | DO +v0, )0, = [ U3 (i ~vkg9.)

k>0



Fractional charge and Spin-Charge separation in 1D

H=-> t(c/c,, +CiCi) 1/2 electrons per site
i

e
+ =
2
E H----H----H--".----H---H----H---H----
— — — — . — — anti-bonding
— — — isolated = — - — bonding

H = [dxy (x)(=ic0, +m(X)a" )y (X)

Localized state
—EL .
X

m(x)

Spinful case: 1 electrons per site

—# + 3

charge soliton ~ Spin soliton



Anomalous Hall Effect



Anomalous Hall Effect

(La,Ca)MnO; s.H. Chun etal. Phys. Rev. B 61, R9225 (2000).

Py = RoH + 4nRsM I

ordinary term anomalous term

08

ol 06 !
. . - 04 ;:\:l
Juwim] 02 :
-00
| 0 100 200 300 400
Tk

0.1

Pyser p,,z. R, (arb. units)

Conventional theory
- i 1 It 11
Karplus and Luttinger Rgoc £° B ——
intrinsic T

J. Kondo RS oc <(m. <m>)3> Anomalous Hall Effect
M magnetization

extrinsic , LA
T / 4? spin-orbit
e interaction

T = 0 RS = O T /jl\l

<4

Currgnt T A
/f 9

X

S
L




Intrinsic AHE - Topological nature

B B} <nIZ‘Jy‘mIZ><mIZ J, nIZ>—(JX<—>Jy)
Oy = Ing f(e, (k));} [gn (E) . (E)]Z

— ezzk; f(e, (E))[Vk x A, (E)]z

* — — — —
A, (K) = —i<nk Wnk}
> >
_ Z tys! Sitao 4+ hee. h(k) = [ 5%— Ef,,-l[ft:.{.::s k: + cos Fey ) ?@tﬁ.p{imn bz + 5411.1-I.:_u:b
A V2tap(—isinks +sinky) £p +tp(cosks + cosky)
.I.
tppP: o +Sita,ac + h.c N = /o : ]
f_cr_.gz=;r-___y- PEia,o 70,00 .h-[h._:' —_— = -I_ ri'!-f}-: + L% Ef-ﬂ-p[ﬁl.-qg:r — L.,-quzl
Z f_c__p,r.::.rppt-_l_aﬂ_,_,, + h.c.
P07, 2=2, 1

’}‘Zﬂ{p!.z.a - igp:,y.n](pf-l-f’ + ?.pr-.ﬁ'-'?]'

i.or



‘S/oin - Orbit In'ferao‘ffon;
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=2m202,(8 X VV) F

2 d\/ - _

V=W ¢ FBmima £
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Classification of Order Parameters

Time

reversal
even odd

Inversion

even /

charge density magnetization

—_ - —

odd _jS’P J’ T

Spin polarization | current toroidal
current moment

Spin current

—
«—1



Transfer integrals

(xy, xy) = (yz, yz) = (zx, zx)=t0
(xy, yz)= (xy, zx)=+t1, -t1

p -orbital - DM interaction
Spin-orbit coupling A
[2¢ - orbitals Ferromagnetic moment Umz

><



Dispersion

A/
Y/

5 F |
[0,0] [T, 7] [7,0] [0,0]
t1 =0.5t0, | = 0.4t0, Umz = 0.95t0.

The 4th and 5th bands are nearly degenerate
at k =[0,0] and [n/2, =/2].

Chn's : (-1, -2, 3, -4, 5 -1).




100 1

-100
-200
-300
-400

Gauge flux density

300

250

Gauge flux density in
k-space of the 5th
band

t1=0.5t0,
A=0.4t0,Umz=0.95t0
for the upper
Umz=1.05t0 for the
lower

The transfer of Chn :
4th < 5th bands at
(Umz)c ~ 1.0tO0.

(The transfer occurs
only at k =[0,0] in
this case.)



Parity Anomaly

 Parity transformation in 2D
(X’ y) — (_X’ y)

 Dirac fermion
E):{

H =0 @)
(27)°

&, (K) = +/(kpx )% + m?

VK)+m  kplx,—ix,)P
kp(xcy +ixc,)?  V(K)-m

 Mass term breaks P-symmetry - New Energy Scale

m is a function of (A, Umz) and can change the sign at
the critical lines in (A, Umz)-plane




Dirac’'s magnetic monopole in momentum space

P = k :momentum

H=p0o+po,+p,0,

A.(p)=i<y(p)|(@/dp,)|w(p)>
B(p)=V,xA(p) = p/(2| p[’) =solid angle/2

dr(t) |oe, (K)
dt "

group
velocity

Rq

g n (E) X
k-pace-
curvature

d K (t)
dt

anomalous
velocity

Quantal phase can not be

determined self-
consistently

in a single gauge choice

Rp

AHE
SHE
QHE
Pol. current



Electron fractionalization in 2D

H=y"[o"p,+0"p, +c " M(X)]ly

o2 E-E-
=—sign(m
Ty =5 519 (m) \ j
(x — *o) /\
Chiral
Quantum Edge ch
Hall system

mM(X) ysual insulator
= vacuum



Anomalous Hall Effect of SrRuO,

SrRuQ; thin film on STO substrate
7.=140 K p, =50 pQcm

Tc
I 1.5 . 0 I I 1 T]
-
£ N E -
GE 0.5 g‘ E -20
Z 0 3 7
z A S T .
2 -0.5 =_ ”
g v o}
-1.0 % -60 =
k3
-1.5 l l 1
50 100 150
Magnetic Field [T] Temperature |K]

Large value at low temperature

Anomalous temperature dependence



DOS (States/eV f.u.)
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N 2 1o L L Unit sphere
ot = o [ @ Rne(e- (R) = (e ()]
Doy 08y D087
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SrRuO3
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Degeneracy point
- Monopole in momentum space



Anomalous Hall Effect in SrRuO3 - Magnetic Monopole in k-Space

O £ =0)

NN ]uf 1
T [

—

n

(p))

DOS (States/eV f.u.)

Z.Fang et al.

— without SOC

Fermi Level Position (eV)

Small energy scale
0.02eV

Behavior like quantum
chaos
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Another system of dissipationless AHE -- (Ga,Mn)As

G, (Qcm ™)

G, (Qcm ™)

80
---------- p=0.1 nm T

60 T

40 |

20 T

0 (Ga,Mn)As

60 -~ | |
_S 40 ]

40 | L o Aammas | (INMn)As

0 100 200 _/-"/{
-20

0 50 100 150 200
h (meV)

Jungwirth et al (2002)

Hopping transport
-- random network model

N = Lot SR (1 e T
: ae ¢ 13/2

Burkov-Balents (2003)

It turns that the intrinsic (Berry phase)
mechanism dominates !!
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FIG. 1: Haldane’s model defined on honeycomb lattice [12].
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Spin Hall Effect




Classification of Order Parameters

Time

reversal
even odd

Inversion

even /

charge density magnetization

—_ - —

odd _jS’P J’ T

Spin polarization | current toroidal
current moment

Spin current

—
«—1



Time-reversal symmetry in quantum mechanics

~in5, I

O=e K Time-reversal operation

K complex conjugation
Olay]=a Oy <Oy |O¢>=<¢|y > anti-unitary
@2 _ (_1)28

Kramers theorem
®H = H® Time-reversal symmetric Hamiltonian

¥ and ©y are two orthogonal degenerate states

<y |Op>=<OW|Oy>=—<y |0y >=0



Barry phase and Kramers theorem

exp[i  fdn-As(n)]=e*

Ci+(-C5)

A, =exp|i[dn-As(n)

Cj

Amplitude for C|
w=2r S=1/2
» AA=-1 A=-A

= Tunneling amplitude from
h to -n i1s zero Al_|_A2 =40



Anomalous Hall Effect
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Spin Hall effect in semiconductors

HH| Spinrorbit int.

0.2

e x: current direction e e
by = 127%% (kF r kF)E Z_GO-SEZ y: spin direction 200 - CB
z: electric field 2 | F
y 10 E
E ; g
SU(2) analog of the QHE z 00— 1
e topological origin _m;LH/, 70N
e dissipationless 1/ (b)
e All occupied states in the o o e
valence band contribute. e — o
External electric field does not break /};
time-reversal symmetry. /1
Spin current is allowed in this system E _
with time-reversal symmetry .
, GaAs




Wave-packet formalism in systems with Kramers degeneracy

Let us extend the wave-packet formalism to the case with
time-reversal symmetry.

Adiabatic transport

= The wave-packet stays in the same band, but can transform inside the
Kramers degeneracy.

v, ©) = [ (@(@5)] (@ %) +2,@ ], (@ X, 1) (1=H,L)

(zl(q,t)} 1 (ai(a,t)]
2,(4.1)) JaZ+a?\&(q.1)

Eq. of motion
(= —E
_ OE"

e Kk (z'F'z) n=H,L

| zzi(k;-,&“)z




Real-space trajectory within Abelian approximation

. : k. A - %
EQ. of motion: k =—E,, X =—L+2&.KK, Tk
m, k
It can be integrated:
K(t) = (kyor Ko, koo~ E,t) Hole spin
z(t):zo+k20t—it2, A<0
m, 2m,
k ik EL & y
X(t) = X, + =22t +
Som, kfo+k2 e e A>0 |
k X
O =yt )
0+ Kjo k2 K% +(Et -k, ) Eliz

Side jump ( Lk (//S) )

Spin motion can be known from orbital motion since S = ik .
Spin current (spin//y, velocity//x)




Spin accumulation at the boundary
p-GaAs
p-GaAs : x<0
_ 0 X Spin current :  j, (X) = j,,0(=X)
ny
Diffusion eq.
s’ (x,t) > 0°s” (x,1) :_ajxy(x,t) s’ (xt)

ot Ox? OX T

S

Steady-state solution: s’(x)= jxy\/%em, L=./Dr,

Total accumulated y
Spins:stotal = nyTs




Spin injection by ferromagnetic semiconductor

Ga,; , Mn,As

Ohno et al., Nature 402,790 (1999)
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Experimental confirmation of spin Hall effect in GaAs
D.D.Awschalom (n-type) UC Santa Barbara
J.Wunderlich (p-type) Hitachi Cambridge
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all Effect of Light



Can neutral particle show Hall effect ?

Hall effect of photon

M. Onoda et al, Phys. Rev. Lett. 93, 083901 (2004).
K.Y. Bliokh and Y.P. Bliokh

Phys. Rev. Lett. 96, 073903 (2006).

F. D. M. Haldane and S. Raghu, c _

Phys. Rev. Lett. 100, 013904 (2008) =

O. Hosten, P. Kwiat, Science 319, 787 (2008).

= 60
Eal

Bl(dcgrccs)

Thermal Hall effect by phonon:Tb;Ga;0,,
Strohm, Rikken, & Wyder, PRL 95 (‘05).
Thermal Hall angle: o ( B) = x,,(B) /.. (B) ~ 10 *rad T-! at 5K.

Thermal Hall effect by magnons
H. Kastura, N.N., and P.A. Lee, PRL 104 (‘10).
Y. Onose et al., Science (2010)



gravitational lens

Curvature in momentum space changes the trajectory of light



Hall Effect of Light

Photon also has “spin”

Extended equation of geometrical optics

—

@n=vy/v,=2.0

velocity : £, =v(F)—=+k, x(z, 19 12,)

C

force : k, = —[VV(F)k,

polarization :|z,) = —ik, -AEC |z,)

M.Onoda, K.Y. Blikoh,

. 2% % 1001

unit

2 x 501

unit

—e— Transmitted light
—-m—- Reflected light

S.Murakami, Y.P.Blikoh 0
N.N. (PRL2004)

0.25
0,/m
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Rotation of polarization in optical fiber

polarization
rotation
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BERRY'S —=
PHASE
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ROTATION OF PLANE OF POLARIZATION, ® (rad.)

Tomita-Chiao 1986 , , .

M.V.Berry K s

SOLID ANGLE , @ (sterad)
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Observation of the Spin Hall Effect of Light via Weak Measurements

Onur Hosten* and Paul Kwiat

Department of Physics, University of Illinois at Urbana-Champaign, Urbana, IL 61801, USA.
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Giant shift of X-ray beam in deformed crystal

. PRL2010
Sawada-Murakami-Nagaosa PRLO6 [ Selected for  Viewpoint n Physcs

Berry curvature in r_k space PRL 104, 244301 (2010) PHYSICAL REVIEW LETTERS 18 JUNE 2010

Berry-Phase Translation of X Rays by a Deformed Crystal
(a) Yoshiki Kohmura, Kei Sawada, and Tetsuya Ishikawa

RIKEN, 5Pring-8 Center, 1-1-1, Kowto, Sayo-cho, Savo-gun, Hyogo 679-5148, Japan
(Received 21 December 2009; published 14 June 2010)
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Magnon Hall Effect



Kubo formula for thermal Hall conductivity

:—f dt/ ANGE (=N ()

R = —zi%znau%’)[@aﬂ(é)( o(F) + w3(R))*0 8, (F) = (= & )

11 d*k Oy (k)
__ﬁlm;/ (27r)2”“*(’“)< ok,

Bose distribution , () = 1/(¢fa®) _ 1)
function

(H(k) + wa(k))*

Oug (k)
ok,

Berry curvature

H(E)|ua(k)) = walk)[ua(k))

c.f. Matsumoto- Murakami

16.JSm?% Oy
Lol ~ ppxpselt — _ LTm £ .
Z 1%z ﬁf'[;r Z J'O( ]-k) aka

() ui
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Thermal Hall effect in Kagome ferromagnet

Spin Wave Hamiltonian Magnon dispersion JS =1, ¢ = /3

— —

H(k) =4JS — 2JSA(k, ¢)/ cos(¢/3)

0 cos ke 3 cos kse'®/3
Ak, @) = | cos kye/3 0 cos kpe =113 )
oaskee 0% coskpe ! ,4\%3‘}{6{“{;%\' AN
(ki =k-@) p :':'gfe;‘é‘:;“;{t's';«;;:;‘}\.\}‘ Wy~

TKNN-like formula:

(6JS)2/ d?k ~ - -~
vy o A7) —nq (k) Im(O k)|0 k
& 2T  Juy (27r)2n1( ) IO, w1 (K)10k, ua () T-linear & B-linear!

N_M = dk k (_Gbk“): ) T /qboc(D:eBAA

2T Jo 2mePISH — 1\ 273 hc

Skew scattering? Small in the scattering of low energy limit (s-wave).

wi(k) ~ JS(k2 + k2)




Target material -Lu,V,0-

N/

e

v'Pyrochlore Lattice
(111) Plane is Kagome
v'Collinear ferromagnet

v'insulator

M(ug/V))

H|l[111] ]
H=0.1T




Thermal Hall conductivity for Lu,V,0-

LU2V207 H”[lOO]

Kyy (107 W/Km)

Magnetic Field (T)



Theory of magnon Hall effect based on DM interaction

2

§ ¢ ... .o.. :
> e
8 K_Xycalc(H)
2 o
" H||[100]
T=20K
10

Magnetic Field (T)

| site

Katsura & Nagaosa

fis=t ittt

< j|=35,-S,+D, (S, xS, )i >=—(3/2)e"

Je% = +1Djj -n

Magnons acquire Berry phase owing to

DM interaction.

Kk ,(HT)=0
aﬂ( ) af 72_3/2ha

(isotropic)

D/J=0.32

Cf. D/J=0.19 for
CdCr,0,

c.f. Matsumoto
-Murakami

kLS,T (2_'_ g/uB

Lin(2) =)

¥ (x10° W/Km)

>
~—
~——

T=20[K]
D/=0.32

10
magnetic field (T)



Various ferromagnetic insulators
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Pyrochlore ferromagnet

Theoretical formula

Ky (107 W/Km)

.o L}
o o
T Al
L]

S
3

—_
T TTTTT

o
T T T

toH(T)
material  x,, (10° W/Km) |D/J|
Lu,V,0- (20K) 1 0.32
Ho,V,0,(20K) 0.05 0.15
In,Mn,0, (33K) -0.05 0.08

Perovskite ferromagnei

)

o

material Kyy (107 W/Km)
La,NiMnOs  jndiscernible
YTiO, indiscernible
BMnO,  -0.02~-0.04

(31K)



Effect of lattice geometry on DM-induced magnon Hall effect

Lu,V,0; La,NiMnO
H02V207 2' ° BIMHO
In,Mn,0; YTIO, ’




Topological Materials



Quantum Hall effect



Haldane model for quantum Hall effect

1st BZ
K!
K K
K K’
Complex transfer integral Dirac fermion at
between next nearest neighbor sites K and K' points

Generation of the mass m with the same sign
at K and K' points

Quantized Hall effect
without Landau level formation



H=020 m=041, G=1/3
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M.Onoda, N.N.
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FIG. 1: Haldane’s model defined on honeycomb lattice [12].
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Quantized Anomalous Hall effect

Kubo formula

. ’“'i'f Z S (E (Ul [V |l ) (b [V [ k) — (Ul [Vl (e Ve [ )
" (E,k — Ek)*

k n#m

v, = %15% velocity

1 9
(ke Valtnie) = 5 (Pt = Boke) (| 7=tk ) Feynman theorem

C} d 5,
ﬁLE ZZJF nk ( nk| k} o a—%(u ok, unk})

EE' dgk dﬁnu aﬂﬂ,x




First Chern number as a winding number

<€
1
vV, = ‘}—"?{ dk - a,(k)
v [ e A 2T JoBz
_ ?g dk - (u |£|u
I1 2mi Jopg | "K'Ok' K/
> Singularity of a,(k)

Patch structure to define the
gauge choice (Yang-Wu)

Single value-ness of the wave function v, = Integer

<u,(k)|u,(k +dk)>=1+<u, |8, |u, >-dk = g ()*



Edge channel

1

1 1 —1 —r
We**mlun,kb [Ron) = — [ dke™* 0y )
€ Wannier function

P(9=h)-P.(6=0) = [[29%(0,A ~0,A)

21
=] —dkd¢F¢X = Chern number ~ Polarization

27 =pumped charge

A, = | < U |(’3ﬂ |U>  Berry connection

|1|"£'n1k} =




Effective theory - Chern Simons term

A, (LX) = (A, A, ¢) Ses = [[ dtex-2- 0, A,

Dimensional reduction 27

o(t, X)
S, = || dtdx g“'o
¢ = 6(t, x) 1D I o7 et
jﬂ:_éle __1 00 j = 1 06
5Aﬂ P 27 OX 27 ot
Particle-hole symmetry 0=—-60 mod2r
Q=-1/2 Q=1/2




Topological Insulator



Global properties of manifolds
and topological order

Gauss-Bonnet

L Koy, Ao, =271x(S)

2(8)=2-2g
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Spin Hall Insulator
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Quantum Spin Hall insulator system

© C.L.Kane
A
Insulating state
@ @ @ - Conduction band
(=]
@ @p @ gl
@ @ @ Valence band

Y

Momentum

Quantum Hall state

Conduction band
Q Q Q Cé) i Gap A‘tates
Q Q Q Valence band

(oYY Y NN NN

Energy

Y

Momentum

Quantum spin Hall state
Conduction band

f v Spin “down” IGap T ~—

» - \-Y
‘T‘Spm “up”
f Valence band

.
r

Energy

-«

Y

Momentum

Backward scattering is forbidden  Xu-Moore
by time-reversal symmetry Wu-Berbevig-Zhang



Haldane model for quantum Hall effect

1st BZ
K!
K K
K K’
Complex transfer integral Dirac fermion at
between next nearest neighbor sites K and K' points

Generation of the mass m with the same sign
at K and K' points

Quantized Hall effect
without Landau level formation



Quantum spin Hall phases Bernevig and Zhang, PRL (2005)
Kane and Mele, PRL (2005),

* bulk = gapped (insulator)
» gapless edge states -- carry spin current, topologically protected

Quantum spin Hall state = Quantum Hall state X 2

o, =— forup spin o,,-—; for down spin

h

spin

Emergence of the helical edge mode



1st BZ Two Dirac Fermions at K and K’ - 8 components
Hy = —ihvpy' (0,7.0, + 0,0,).
K K Hso = Asotb 0,725,

HH — /\H?_.-’i'*-i- ({T.r’f_: SEI o (T:U S )?-’i"'

K K’

helical edge modes

v t
-® < ?-
\Y | —» 01. l
- < O
-® > ®-

Stability against the T-invariant disorder due to Kramer’s theorem

Kane-Mele, Xu-Moore, Wu-Bernevig-Zhang

|-k 4>=0®|k T> HO=06H
<k TH|-kI>=<k T|HO |k T>=[H |k T>]'® |k T>
_[02 |k TST[OH [k 1] == <k N HO [k T>=0



Charge pumping

. 1 - 1 2
|t.£;ﬂ.__ﬁ.:} _ 1- Ei..i!-.,.r |an} |R.. ﬂ-:} — Q—F/dkﬂ_m{ﬁ_r”uk,n}
N, B Wannier function
1
P,= Z,:[}__ n|r|0, n) = oy jg.:ﬂ: A(k)  polarization

A(k) =1 Z{ﬂk1ﬂ|vk|uk,n} Berry connection

s

P,lts] — Pyjt1] = Eiﬁ [jﬂ dke A(t, k) — jﬁ dk A(t, k}}

B

il

P,[ta] — P,[t1] = if dtdk F(t, k)

Ft.k) =13 (Viugn(t)|Viuga(t)) — c.c)

Berry curvature



Charge pumping and electric polarization

U 1) = «,_;”i»_,:fihﬂuﬂ&} Bloch function E‘
I unbounded operator t2
J=—er=P
Polarization current tl
t, > I
P(t,) - P(t,) = [ dtJ —7 T
t1
1

P,[ta] — P,[t1] = F] dtdk F(t, k)
T12

|

F(t,k) = 'fz (Vi n(t)|Viug (t)) — c.c)

Berry curvature



Z2 pseudo spin pumping

Fu-Kane
\ Xk 11
—_ E [19 u . . .
/ [4k,a) Time-reversal pair
)= —ereOuf )

1 N :
- — dkA*(k). s=1TorIl spin” selective

o |__ polarization
AS(k) = i) (uf ol Vilug o)
Al (=k) = A" (k) = Y Vixka




Ptlw(m)]
Difw(0) ~ Pl ;("’ﬂm — X0.a))

Wmn (,IL) — <'U—k,ﬂ1 | (‘) ‘Hk?n>

p, =pl_ pll

!

! ' VielogDet|w(k )| — 2109 Pf[w(‘)] }
2rri Uﬂ ARV ilogDetlw(k)] = 2log (Pf[w([])])

-

Py =

A @ ®
A4l A = Py(T/2) — Pp(0) mod 2

T2 |- -- T2 femmmmmee rm H \/Det Lt

0




Z2 topological invariant

Det
~ ky H \/ € [U“ ]
, Pt w(
Kane-Mele-Fu
Z2 number and helical edge modes
()
(@) At (b)
2r T — T -
_ : I3 ¢y I
T2 | - T2 feeeeees O—g)




Electron fractionalization in 2D

H=y"[o"p,+0”p, +c ' M(X)]ly

o2 E-EF
=—sign(m
Ty =5 519 (m) \ j
(x — *o) /\
Chiral
Quantum Edge ch
Hall system

mM(X) ysual insulator
= vacuum



Effective Theory for the phase transition
between QSHS and Insulator in 2D Murakami et al. 07

(a) no- |nverS|on symmetry

N
AN

<

Y
A

>

>

hyr(k) hyy(K)

H(E) — ( hﬁ(@ hﬂ(@ )

=- k=|'(|:| k=kp ko
y
— T — m<Q m=0 m>Q m
H(k) =0,H" (—k)oy (b) with inversion symmetry
=0 =0 /k;o\
y
m<0 m=0 m>0 m
as ay; — ’I:{IQ 0 —{4 — ’I:CI.5
. ai + tas —az a4 +tag 0
H(0) = Eo+ 0 a4 — 105 as aq + ias
—ay +tias 0 ne —dy —ag
5
= FEy+ Zairg, (8)
i=1



CdTe/HgTe/CdTe quantum well

Bernevig et al.
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Experimental observation of QSHE

Molenkampf group
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Electron fractionalization in 3D

H = W+ [z'x((; . B) + rzm(x)]w 4x4 Dirac

H Surface — ¢+ [(; X B) ' éx]¢

2x2 Massless Dirac

Topological insulator

X) Usual insulator
= vacuum




Generalization to 3D system

El@) E o) H :W+[px(0° p)+,02m(x)]'7”

_//{E
&'2 b3
a . e R
&1 a2 “p2
£ Vo Y
. W P comm—- — —
al a——— " (—1)7 = ” Oningns

k k TIJ'ZD_._].

(_1)111':1.2,3 — H 6711719713

n;jx;=0,1n;=1

V, = 1 Strong TI

v,=0; v, =1
Weak TI




Bi, Sb,

Pure Bismuth Alloy : .09<x<.18 Pure Antimony 3D gener'aliza'ﬁon
semimetal semiconductor E,; ~ 30 meV semimetal
\ / / of QSH system
N N | \/ E. Ve A Topological insulator

'EL) L/\ A 7;7& '/'gip A /\L helical edge channels
Tk L T L- 8 U‘T L |:>H:W+(g><6)._ézw

Inversion symmetry = (-1)" = HH;;.”U—J
odd # of 2D chiral
Dirac surface metal

Experiments on Bi,_, Sb,

Map E(k, k) for (111) surface states below E using .
Angle Resolved Photoemission Spectroscopy - RObUS"' ClgalnST
D. Hsieh, D. Qian, L. Wray, Y. Xia, Y. S. Hor, R. J. Cava and M. Z. Hasan, Nature (08) in press dlso r‘der‘
- Superconductivity ?
a I L
o

E

® spin|ly

® spin |-y

“15 T ;',H

* Bulk Dirac points at L project to M in surface Brillouin Zone

® Observe 5 surface state bands crossing Ex between I" and M
and Kramers degenerate surface Dirac point at M.

* Bi,, Sb, is a Strong Topological Insulator Fr.om C.L.KGHZ'S homepage



Field theory of topological insulator

Qi et al., PRB78, 195424(2008)

""\% ) i
0.q Sﬁffz 24 ), A‘udVAdeAT
K\w kK b~——~p
,uf" n
[ d*kdw dG"\( oG\ [ oG
Cr=——€""P Tr| | G— G— G—
15 (27) g™ dq"” aq”
9G] G ,
X — \G—— | |. Bloch wave in (4+1)D
dq dq’
CE = ; ﬂ.z fdﬂrk&jjkf tr[ffjfkf]

fﬁ.ﬁ = &E({fﬁ — ﬁjafﬁ +ila;a j]aﬁ

d
a®P(k) = - t"<{}.’,k|£|ﬁ, k)

:



Current density
)

5Seff[A] j',u,_ EE#UPUT(;}D'{qp(;}GHA'T
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Dimensional reduction: From (4+1)D to (3+1)D

k, = O0(X) = 6, + SO(X) mmp sy, =~

6 X
3(6h) fd“’,rdreﬂm"éfﬁ(?ﬂAﬁaAr
dar
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I = trlfanfepl = G3(6) = f &k, K

'%277‘
1677 Hfﬁc 1[5?3 ac]) 'f’f‘DJ

P+(6,) = f dkK?

K*A

1
> S3p= 7~ f Bxdre" A ,(IP3/96)9,500,A,,

# S5 D:—fd xdte*" TPy(x,1)d,A 0,4,

Axion electrodynamics

Time-reversal symmetry mmmp P, =1/2 or0 modl



Prediction for phenomena

1. Hall effect induced by spatial gradient of P % VacuumP. =0
=

u_ %Fs HEP
JIEL €A TI P,=+1/2
D 22 | 22
I, = | dzjy= Py dPs |Ey. @  oy=1/2n
21 TA\Jz R |
Jt = ar [<
{2 2
2D € TI ®E,
o, = dP3/2m, =t — Jjp = Ba L2
XY £1 3 ' 2h J 0 EM I
2. TME induced by temporal gradient of P,
b ( 1 ) EEB @ EM o
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Bulk v.s. surface in topological ME effect

s, =[xt ZXD | 1§
27T 27

ATT Joc VOxE+ 6B
\ . ! g > ¥ B
Einq Al)
Bt) B O appears in the form of 0 , 0
T T for charge and current densities

V 6 produces the surface current

0 requires the bulk T-symmetry breaking

Qi et al., Essin et al.

6 =0 mod 27 or 8 = 7 mod 27
due to the time-reversal symmetry



Magnetic impurities in topological insulators

Z. Hasan's group 2008
Y.L.Chenetal. 2010

<= Magnetic Impurity
“« 3
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005 0
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Magnetic impurities could form insulating
ferromagnet on TI through localization
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Difficulties to realize TME

1. Get rid of carriers in the bulk

2. Attach the insulating ferromagnetic layer with the magnetization
perpendicular to the surface

3. Tune the Fermi energy within the gap of surface Dirac
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K.Nomura and N.N. PRL2011
c.f. Q.Niu, arXiv:1011.4083
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Hing = (47/C) Jy

A

3

All surface states
Are localized
- plateau




ME control of surface magnetization
K. Nomura and N.N. PRL2011

surface
magnhetization
. o B
B =g =k
Tl
e’ e’
—+— B E = oEd =+—BEd er unit area
T T i
Bulk energy gain controlled by B ~10°T
surface magnetization eff ™~

B=10T E=10"3 V/em d=1mm acting on surface magnetization



(a) p = +(e%2h)B
domain wall T T
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Spintronics on Topological insulator

EigSE‘g "h-"i={1 ,U'UD}

0402 00 0202 00 02 W r M
(@) k, (A") k (A7) (c)
0.2
01 —» Kx
< 0.0
_x‘-‘-\.
0 Hsieh et al.
0.2 Xia et al.
(b) 02 01 00 04 02
k(A"

2D Dirac Hamiltonian H = \|I+E; : (;Z X ;)\V



Spin textures are charged on topological insulator
K. Nomura and N.N. PRB Rapid 2010

Assume that the Fermi energy is within the gap & QHS

n, < A

V.no (VxA), =B,
n, < —-A

, o\
poxop, = = (T)va 4y

VR
exchange coupling

Jx =04k, = O'HAy > jmd = (UH_\) C._n
evp / Ot
oy : . .
P, =——n, in-plane magnetization is equivalent to
eV in-plane polarization



Spin textures are charged on topological insulator
K. Nomura and N.N.

. o\ : ap AN On in Ve in
P:_}ld — —( H )?-n, _j':___nd — ( H ) By Pe 4= _(ﬂ ) pmd

EVE EVE fm
(a) q_led)n_(] (b) q—l,d)f,—m’fl
V .
b | 9 47 - - hard axis X easy aXi°
- ‘;;Cw-k_ _l_y - k‘ - o \___--—-""'__ “+‘f"-r——r—?‘r'rx\
Ju e - - S
X x N e
N——
(c) (d) E
B 4—4:—(-.? T T T N &= =
cewl /TN we -1 insulator
; R I t_opolog‘ca" insul
0 - ~. + NS €« < 0 > 3> 0 - « <«
.\_*”‘_,' TI “< ¥ ¢ |\ AR
¢ - « & N L e« 1
On SR Domain wall

ceel | 1]l /e«

Charge density along the DW ~€/ &
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by gating o =~ 0.01 Gilbert damping

Vortex

c.f. Haldane, Qi et al. ‘ dX
dt
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Similarity between d- and p-orbitals

dxy’dyz’dﬁ(_)_p]’ px’ py
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Transition-metal oxide

c.f. Topological Mott insulator

S. Raghu, X-L. Qi, C. Honerkamp, and S.C. Zhan
Strong electron o P |

correlation d.
Weak it coupling

[l [l [l el e [ ][ ]
e < [ e[ o[ o ][ e ] 4]

W‘RE‘OS Ir‘Pt‘Au

Strorg spin-
orbit coupling

Weak electron correlation

For Sr,IrO . U~0.5eV
Cep~0.45eV
B.J. Kim



SOC induced Mott state — schematic picture B.J. Kim T.W. Noh

Optical spectroscopy

UHB
1L - Ul g
1 Optical Conductivity at 100K
band U
LHB
AB Jﬂ,—l 2 UHB —
=1/2 M . U '
wide f,—band Metal §= 1/2 Mott ground state p ;[—"_ 7,;=1/2 LHB 5
50, =
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&
J4z=1/2 band ——— /=12 UHB
bk — UlE———-- ) L P
f:soI c { J.z=1/2 LHB . 0
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_—y Photon Energy (eV
Jog=3/2 band J.4=3/2 band 9 (=)

Double peak feature in optical conductivity
J= 1/2 Mott ground state A: Ji(lower) =] (upper)

B: [3n— i

J g band split due to SO
= ~0.5eV for Srlr
U 550 0.5¢ or S 2 04 X-ray Absorption Spectroscopy
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Characteristic orbital state with
xyyzzx=1:1:1 ratio of J,u=1/2is
confirmed by O K-edge XAS

Intensity (Arb. Units)

- O 1s XAS at 80K _E//c
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isospin up spin up, 1,=0 spin down, 1,=1
1/2> = (ley 1) + lyz ) +1
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Crystal Structure of Na,lIrO,

Ir* (5d°)  H. Takagi

.

RF




Complex orbitals produce complex transfer integrals

— logj; |+
H _Ztije JCioCJG_i_Uannn
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DOS

C Irje=li2 ——
I jog=3/2 ———

. o | c.f. Jaejun Yu
trigonal X-tal field
splitting 0.6eV

> Trivial insulator
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| o o =1/2
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Correlated Kane-Mele model

(pd)* (&4 — Ep) -order processes cancel for 90-degree bonds

_1@dnP (ppo) +3(ppr) , _ LI@dn)l (opo) — (ppm)

36— 6 € — € 36 € — €
are of the order of room temperature
o - spin
Hy = /dz?'u'ﬁ(-r) [3?’?}2@53 — %tnz[—iﬁy*rx +i0x Ty | ¥(r) 7. sublattice
‘ n:KorK'
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Emergent phenomena at oxide interfaces

H. Y. Hwang'#3*, Y. lwasa'34, M. Kawasaki'*4, B. Keimer®, N. Nagaosa'* and Y. Tokura*5*

Artificial charge-modulation ~ Strong polarization enhancement [LaMnO,], [SrTiO,],,
i!| atomic-scale pemuslute "ﬁ “wml o :um;'smm superlattice
titanate sumam Ho Myt Loe, Hang M. Chriaten. Matthew F. Chisholm, by courtesy of H. N. Lee, ORNL

Chriziopher M. Roileas & Douglas H. Lewndes
A Oblomio, D, A Mubler, J. L Grazal & H. ¥. Hwang

vasiu . Ok ielpe Merionn! Lalwuesors Oak Belpn

» Layered structure can be prepared with atomic precision

» Great flexibility: tunable lattice constant, carrier
concentration, spin-orbit interaction, correlation strength



‘Topological insulator in oxide superlattice {1 & <
Nature Com. 2011

Perovskite (111)-bilayer Atomic Orbitals in Crystal Field + SO
Orbitals and symmetry
d e, A . A&A . A e,
1 2": order SE)C
10Dq vy N 10Dq
Crystal W R % &
. structure
ey Orbitals ey Systems
First-principles calc.
€. €2, €, are possible candidates LaAIOs/LaAg0s/LaAlO; LaAlOs/LaAu0s/LaAlOs

|-

~ / — - e
c T T T T T T T T T 11 ~ 11
R - —
10 {10} =~
: Gap: 146 meV — |
|Ui 22:0 1o =_- _; 0 Gap: 39 meV — | 04 p:

3

0.5 $
reen: Without S0 E | /\
- Red:With SO |] —~_
-05 Z,20 . \
] 4d - 2 =
10+ e
o — :
15 I K M F -ol.q 0.2 0.0 0z 04

Nearly flat Z, band obtained if Vaas/Vaso~0 LaAu0s bilayer has an energy gap ~ 2000 K



Materials Consideration

B B AO

e B’ .
A:LEIG"*, Q2+ ‘
LaBOs — B2+ $
SrBO; — B* ;

AB'O, ABO, ABO, AB'O,

AB’0s: LaAlOs; and SrTiOs

TABLE SI: List of candidate materials

Configuration Bulk Superlattice
LaReOq t5, -
LaRuO4 t5¢ metallic Ref. [2]
SrRhO3; t54 metallic Ref. [3] Ref. [4]
SrlrO4 5, metallic Refs. [5, 6] metallic Ref. [7]
LaOsO3 t5 -
LaApOs E'Qg metallic (band cale.) Ref. [8]

LaAuOs :':'g Refs. [9, 10]




oy Systems

LaAlOs/LaRe0s/LaAlQs LaAlQs/La0s0s/LaAlOs
metal iﬁ;_%'h= - ____f-””—_.ﬁ g [Gap: %E@E“"h-m_______ T
o = e —
: 1';'_”:\ //’_fi::f?‘ﬁ\ Tl
g e A T g Fogy
,f’/ \_“—E\a _{;/;;_,,f - \h——__\_____ax_
olad: t%g e o 5d - tgg
'SrTi0s/SrRh0s/SITi0; " 'SrTi0s/Srir0s/SrTi0; ;

metal




Integer Quantum Hall Effect

How to break time-reversal symmetry? CO rre | at i on ef f ect

» External: Ferromagnetic or G-type antiferromagnetic substrate

» Internal: Stoner instability (U/Bandwidth>>1)

Mean field Hamiltonian H = H., + h-&

4

R Fractional quantized
05 55 e 7 Tl e Anomalous Hall effect
g '7g G . ST - N e — g
O AR N - v Fractional Quantum Hall Effect
Small h Large h » 3-fold degenerate GS

Quantized Anomalous
Hall effect -

YR

01234 8 12
Nz+Ky+Kx

» Chern number
82 q 2m 2w . _
Oy = g KZ=1/0 /0 dodos
6{1}0 8<I>0 6@'0 a‘I’O
((Forl5ae) ~ (56,1 50)

g=3, C1=0.3344, Co=0.3311,C3=0.3344

Other propasals, see Tang et al PRL; Neupert et al PRL; Sun et al PRL, 2011



BiTeT giant bulk Rashba system and TI under pressure

=3

K. Ishizaka et al.
Nature Mat. (2011)
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M. S. Bahramy, R.Aritaq,
B.J.Yang, N.Nagaosa
Nature Com. (2012)

0.0 T I I | -4+
0 100 200 300

Temperaturs (k) T M K T A L H A

7
siig

0.0 0.0
3 3
50.1 % 01
@ @
502 5 02
o =3
= =
& =

04 04

0.2 0.0 0.2
Momentum (A1)

k (A1)

Prediction for quantum phase
transition to strong TI at P~2GPa




Topological Superconductors



Majorana (real) Fermions

f=, f  Usual (complex) fermions

w=>f"+f)/V2 mp w=y" yp?=
“half" of the usual (complex) fermion

f=(w,+1y,) /\/E “real” fermion

WiV, W3 W, s\ Weg | =~ WonarWon

Cooper pairing

Wi, Won  Single fermion > 1 g-bit



Alicea 2012

(@)
non-topological

topological
(weak pairing)
non-topological p=—t
(strong pairing)

1 A % - -
H=35 Y CiHiCr, Hi= ( e A ) A, =1AsIink

kcBZ Ak —€k
Hi=h(k) o (C )T = o0°Cy
hey(k) = —hey(=k), hz(k)=h.(=k)

|:> h(0) = soz, h(r)=s.2



Reports

Here we report the observation of such Ma\j o r‘a na f e r. m i o n
Signatures of Majorana Fermions in Ty e e i aT the ends of Rashba

changing B and gate voltages over

Hybrid Superconductor-Semiconductor b riewe - o quantum wire
Nanowire Devices 11‘ fdwgﬁkphf]: next to superconductor
the 1gid Zero Dias peak disappears Ior

V. Mourik,™ K. Zuo,'™ S. M. Frolov," S. R. Plissard,2 E. P. A. M. Bakkers,"2L. P. zero magnetic field, for a magnetic
Kouwenhoven't field parallel to the spin-orbit field. or

Wi

s-wave
superconductor
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Quantum Hall system

Chiral superconduc‘ror
/Spontaneous /
T-symmetry breakin

22

Chiral Edge Mode
<€

2
€
o =?n N Topological integer

Chiral edge channels



Chiral p-wave superconductors Sr,RuQ,
Maeno (1994), Sigrist-Rice

Spin-triplet p-wave

Time-reversal
symmetry broken

Topological index for chirali‘ry

ey e PN
. | dm  Om o =
dﬂx dﬂ,l X el
4 ok, ok, EEN S ©
‘non-topological - p=0 = 1
fﬂ — m . m— Re d Illl d Ei (stro;gppair?ng}
m

Volovik

related to the # of edge channels but not to o



(1/R,) dvidl
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115}
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\%/ 102 Sr,Ru0,
1.00 1

1.01

SRO-Pt 3
point E
contact . g |
A nd reev caxis p— g
bound state ﬂ [ B
o — = V. “ow
Laube e 2 Bms_{fnlmgcﬂmﬂmf:lixcm ’
et al. (00) Kashiwaya-Tanaka-Maeno group
(2011)
voltage

2 1 0
charge P : compressible
accumulation h (ke4)® ground state

> Furusaki-Matsumoto-Sigrist (2000)

j‘> Current |




Majorana (real) Fermions

f=, f  Usual (complex) fermions

v=>(F"+1)IV2 = wv=y" p’=1

“half" of the usual (complex) fermion

“real” fermion

Chiral Majorana mode at the edge of spinless p+ip SC (A.Furusaki et al.)

o i 1
H;} — E'T“‘:‘ (—.—T_ - .L'!> E‘[Tj + Ihl}[Tj'E

_.—E_'rf(v') QI (r) VYT (r) — '?*;_--'f.f‘"['r‘] () Vi(r)

&
A

.E-.'|r.' {_EII; |
U(y,t) = E’iﬁ"u‘_'_m"!?/ — (E‘:'r"[*-"*'—"“ Y + E—ii‘it‘ff—t'!},:r;)
o v

.
H, = / dk I'I'E"’fi'it’fi'k-
0

c.f. Mgjorna zero energy bound state at vortex
(Read-Green, Kitaev, Ivanov, D.H.Lee etc.)




Fu-Kane, Beenacker et al., Ng-Lee et al.

C =y +iy, o
| v [

e wkgT sin(eVOL/vyy)
[=(—1)"= , kpT, eV < A,.
) SRR ToL fo) BE € 0




Kitaev, Schnyder et a/. PRB 2008

symmetry d

T? c? s? 0 1 2 3 4 5 6 7

A 0 0 0 Z 0 Z 0 Z 0 Z 0

Alll 0 0 1 0 Z 0 Z 0 Z 0 Z
Al 1 0 0 Z 0 0 0 27 0 Z, Z,
BDI 1 1 1 7, Z 0 0 0 27 0 Z,
D 0 1 0 7 7 7 0 0 0 57 0

DI i 1 1 0 Z; Z; Z 0 0 0 7
Al =1 0 0 27 0 Z Z Z 0 0 0
Cll —1 —1 1 0 27 0 7, 7 Z 0 0
C 0 —1 0 0 0 27 0 Z, Z, Z 0

Cl 1 —1 1 0 0 0 27 0 Z, Z, Z

‘T~ : time-reversal

C
S

. particle-hole
chiral
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Chiral superconductor
Helical superconductor
Topological Insulator

~
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Maeno et al. JPS] 2012 . ;
Cu,BisSes (‘?)% 0T

Sasaki et al. PRL 2011

(eV)

Big S€3 &

Xia et al. NatPhys 2009

HgTe/CdTe Bij_,Sb,, BisTes,”
> Koenig eral JPSJ 2008 BiT1Ses etc. 04

=02
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A model of chiral superconductors
Asahi-N.N. 2012 ArXiv:

H=3Y, CLH(k)Cx Spinless fermion pairing between sites

H (k) 2t cos ky+2t,, cos ky, —p d, sin k; —id, sin k,
o d, sin k; +1id, sin k,, pn—2t, cos ky—2t, cos k,

Hi=h(k)-a (CT )T = ¢%Cy tyl idy
TX dX

hay(k) = —hay(—k), ha(k) = h.(—F)

Time-reversal symmetric momenta Y

k. =1(0,0),(0,7),(x,0),(r,x)
h(k,) = s(k, )8, <




Z and Z2 topological invariants and phase diagram

0 T

h(k,) = s(k,,)&,

v, =S(7,0)s(x, )

v, =5(0,7)s(z, )

(-1)" =s(0,0)s(0, 7)s(x,0)s(z, x)




Teo-Kane 2010

d=1 d=2 d=3

N,

m
k4
FIG. 1. Topological defects characterized by a DD parameter
family of d dimensional Bloch-BdG Hamiltonians. Line de-

fects correspond to d — D = 2, while point defects correspond
tod — D = 1. Temporal cycles for point defects correspond

tod— D =0.

D=0 —a— =

oo T

/
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Symmetry 0=d—-D
s AZ ©* = 1l o 1 2 3 4 5 6 7
0 A 0 0 oz o0 zZ 0 Z 0 Z 0
1 AIII} O 0 1 o Z 0 Z 0 Z 0 Z
0 Al 1 0 0| Z 0 0 0 2Z 0 Zo Zo
1 BDI| 1 1 1| Zs Z 0O 0 0 22 0 Zs
: b 0 1 b 3 1a & 1 0 b 228 1
g i -1 1 1 0 s » 1 | U 0 b 27
4 AIl|l -1 0 0|22 0 Zo Zo Z 0 0 0
5 CII'l| -1 —1 1 0O 2Z2 0 Zo Zo Z 0 0
6 C 0O —1 0 0 0O 22 0 Zeo Zo Z 0
7 (I 1 -1 1 0 0 0 2Z 0 Zo Zo Z

TABLE I: Periodic table for the classification of topological
defects 1n insulators and superconductors. The rows cor-
respond to the different Altland Zirnbauer (AZ) symmetry
classes, while the columns distinguish different dimensionali-
ties, which depend only on 06 = d — D.

K-Theory Bott periodicity




2D — system 3D — system
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dislocation

dislocation + vortex
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Edge modes of various systems

” ol -
ATk a2 / k

Majorana Chiral SC QH
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Topological Superconductivity and Superfluidity

Xiao-Liang Qi, Taylor L. Hughes. Srinivas Raghu and Shou-Cheng Zhang

mmm robust susceptible m——)

Chiral | Chiral :iHelical |Spinless i Helical | Spinful | 2-Spinful
Majorana] Fermion : Majorana| Fermion : Fermion | Fermion | Fermion

p+ip SC 1/3 Helical | Ferro QSHS | Q-wire | Ladder
D/2FQH | FQH | SC wire i
pTI+SC :




Split electrons into fractions

L R
RorlL

Tor ¢

positive or negative energy
=8 pieces of fractions I

L \ R Prr = 6X¢RT etc.
\\

. Various combination of ¢'s
) harmonic

\, oscillator  can be fixed by el - el interaction
\ . . .

\ AN >Recombination of pieces
mmm  robust susceptible m—)

Chiral Chiral i Helical Spinless ! Helical Spinful | 2-Spinful
Majorana] Fermion : Majorana| Fermion : Fermion | Fermion | Fermion

p+ip SC 1/3 Helical | Ferro QSHS | Q-wire | Ladder
9/2FQHI FQH i SC wire i
STI+SC




E Two chiral Majoranas or % G
one helical Majorana s . s
// .k Qv vy v, =9

/" \\ No relevant interaction

E E Two helical Majoranas
\/ \/ g WRTWLTI/IR¢WL¢ ~ ngpL
' // N ' ,’ . .

IR B K N K Forward scattering

e s T Massless Thirring model

E E Two helical Fermions

k k Forward + backward scattering
- Opening of the gap




LaAlO3/SrTiO3 interface

Fig. 1. STEM and EELS
analysis of a LaAlOs/STiOs
heterostructure. (A) High-
angle annular dark field
image of a 15-uc-thick
LaAlO; film grown on SiTiO
showing a coherent interface.
(B) O-K EELS spectra of the
SITi0; close to (1.5 nm) and
far away from the interface.
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Even at 1.5 nm from the =l C ‘\

interface, the 0-K fine struc- Bl i \

ture is only very slightly £ [\ \
damped compared with the B afll

bulk. The damping could be ) /\, \/ \

caused by the presence of a E P ]
low concentration of oxygen z / —=1.5nm from interface
vacancies. (€) Small changes D - _Sgt;o s'"’i'::” e

of the Ti-ly; fine structure E L v
dose to the interface are ™ HiA
consistent with a small concentration of T"* which falls below the detection limit by 6 nm from the

interface and beyond.
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Fig. 2. Transport measurements on LaAlOs/SrTiO5 heterostructures. (A) Dependence of the sheet
resistance on T of the 8- uc and 15-uc samples (measured with a 100-nA bias current). (Inset) Sheet
resistance versus d bety 4 K and 300 K. (B) Sheet resistance of the 8-uc
sample plotted as a function of T for magnetic fields applied perpendicular to the interface. (C)
Temperature dependence of the upper critical field H.; of the two samples.

M. Reyren et al 2007

Rashba control of LaAIO3/SrTiO3 interface
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A.D.Caviglia et al. 2007

Novel FFLO state in Rashba interface

K. Michaeli, A.C. Potter, and P.A. Lee,
arXiv:1107.4352v2



S. Nakosai-Y.Tanaka-N.N. PRL (2012)
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Inter-layer repulsive
Intra-layer attractive
interaction leads to

U topological SC
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- C elical Majorana
repulsive (LA edge channel
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Physical properties of
topological superconductors



Spin conductance 3 Charge conductance

ev/A, eV/A,

Andreev reflection Ising Kondo effect
Y. Tanaka et al. PRB2009 R. Shindou et al. PRB

i/t

Equal Helicity Opposite Helicity

TL effect in

Josephson junction
Y.Asano et al. PRL2010
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E Two chiral Majoranas or % G
one helical Majorana s . s
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/" \\ No relevant interaction

E E Two helical Majoranas
\/ \/ g WRTWLTI/IR¢WL¢ ~ ngpL
' // N ' ,’ . .

IR B K N K Forward scattering

e s T Massless Thirring model

E E Two helical Fermions

k k Forward + backward scattering
- Opening of the gap




/ " ' Asano
-Tanaka-NN
PRL 2010
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Equal Helicity Opposite Helicity
Ho = — v Z /du:: YRi )0z yRji(x) Helical Majorana
j=1,2 Edge channels
—VLj(4) 025 ()]

Hing. = 9/diﬂ’YRl(iB)’}’R?(iﬂ)’YLﬂiﬂ)'}”Ll(13') Interaction

Hp =—ta Z [‘1’10(0) {o0+ 1A J}cnff’ ¥2,0(0) Tunneling

+ m;,a(o) {O-U — A J}cr,cr’ qjlaﬂ"(o)] ’



Conductance due to quasi-particle tunneling

A2 - A 2/K—2
7 _ T _t COS> (i) 1+ gin? (i)D )
Go K 2 1o
B 7 2K -2
+ A% K sin? ( ) + A3 cos? (Z)qu) -
2 1y
A=0 A#0
Equal helicity
© = K = 0 const.
K <1 0 /
K>1 0 const.
0 F#0 K =] const. const.
K <1 THER 50 f
K>1 T2/K—2 T2/K—2
Opposite helicity
p =0 K= 0 const.
K <1 0 const.
K>1 0 THE2
0 #0 K =] const. const.
- | const. / it
K>1 const. T

Each term is sensitive to
The phase difference
between the 2 SC's

- Interference

With SOT, the q.p. tunneling
is always relevant as the
temperature is lowered
independent of the sign of
the interaction

Quite different behavior
between equal and opposite
helicities



Shindou-Furusaki-NN
PRB Rapid Comm. 2010

28:(1) = Uiy — ¥]dy =0,
. —e2W5_(7r) (chiral).
—e21019) 5 (1) (helical).

dy, (chiral),

= s(r) {x{ dk|k-n”:0 (helical),

We call it z-axis or ||-direction
Ising-like coupling !
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Toulouse limit

Strongly anisotropic
magnetic properties

Transverse magnetic field
induces the tunneling and

the system becomes equivalent to
anisotropic Kondo model
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iR e
2 3 2, 4 2
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\ @ (b)
0 h, @ 0 T, @
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dissipation 0<e<] 1 <e<?2 2<e¢
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zz|h (hJ Tgl Tgl Tgla
2(e—1
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Streda formula for Hall conductivity

IM*  j—ou Exi
p

T = €C
J=cVXM=—cOM/OuxVu
How about the thermal response ?

Gravitational response E. = -T7'VT' B. — (2/0)Q
J.M. Luttinger ’ - By =(2/v)

dF = —SdI" — Mg - dB,

v [orf v [0S
e\ ) T 2 \oar )
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Topological Periodic Table



Ten-fold way
general classification of gapped topological states

Schnyder et al. 2008

TRS PHS SLS d=1 d=2 d=3

Standard A (unitary) 0 0 0 - Z -
(Wigner-Dyson) Al (orthogonal) +1 0 0 - - -
All (symplectic) —1 0 0 - 7, 7

Chiral AITII (chiral unitary) 0 0 I Z - 7
(sublattice) BDI (chiral orthogonal) +1 +1 | ¥/ - -
CII (chiral symplectic) —1 —1 l Z - 7

BdG D 0 +1 0 2o Z -

C 0 —1 0 7 -

DIII 1 1 1 7, 7, 7

CI +1 —1 | - Z




Discrete symmetries of the Hamiltonian

3 symmetries which are robust against the disorder

Anti-unitary symmetry
Time-reversal symmetry (& H(k.r) = OH(—k,r)0*

Particle-hole symmetry = H(k.r) = —ZH(—k,r)="1

e

Unitary symmetry
Chiral symmetry IT Hk,r)=-TTH(k r)II*

O =+l E?=11

I = {if'f'XE)E. 12 =1



Ten-fold way
general classification of gapped topological states

Schnyder et al. 2008

TRS PHS SLS d=1 d=2 d=3

Standard A (unitary) 0 0 0 - Z -
(Wigner-Dyson) Al (orthogonal) +1 0 0 - - -
All (symplectic) —1 0 0 - 7, 7

Chiral AITII (chiral unitary) 0 0 I Z - 7
(sublattice) BDI (chiral orthogonal) +1 +1 | ¥/ - -
CII (chiral symplectic) —1 —1 l Z - 7

BdG D 0 +1 0 2o Z -

C 0 —1 0 7 -

DIII 1 1 1 7, 7, 7

CI +1 —1 | - Z




Generalization to include spatially dependent cases
Teo-Kane 2010

d=1 d=2 d=3

.

D=0 —a— =
/

-] || 7
D=2 ii/ : ‘Hﬁiji

FIG. 1. Topological defects characterized by a DD parameter
family of d dimensional Bloch-BdG Hamiltonians. Line de-
fects correspond to d — D = 2, while point defects correspond
tod — D = 1. Temporal cycles for point defects correspond

tod— D =0.
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Symmetry 0=d—-D
s AZ ©* = 1l o 1 2 3 4 5 6 7
0 A 0 0 oz 0 7z 0 Z 0 Z 0
1 AIII} O 0 1 o Z 0 Z 0 Z 0 Z
0 Al 1 0 0| Z 0 0 0 2Z 0 Zo Zo
1 BDI| 1 1 1| Zs Z 0O 0 0 22 0 Zs
2 D 0 1 0| Zo Zo Z 0 0 0 2Z 0
3 DIII| -1 1 1 0 Zo Zo Z 0O 0 0 27Z
4 AIl|l -1 0 0|22 0 Zo Zo Z 0 0 0
5 CII'l| -1 —1 1 0O 2Z2 0 Zo Zo Z 0 0
6 C 0O —1 0 0 0O 22 0 Zo Zo Z 0
7 (I 1 —1 1 0 0 0 2Z 0 Zo Zo Z

TABLE I: Periodic table for the classification of topological
defects 1n insulators and superconductors. The rows cor-
respond to the different Altland Zirnbauer (AZ) symmetry
classes, while the columns distinguish different dimensionali-
ties, which depend only on 06 = d — D.

K-Theory Bott periodicity
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FIG. 11: Suspension Z(Td x SP). The top and bottom of
SymmeTf'y CIOCk the cylinder X(T% x SP) x [—-m/2,7/2] are identified to two

points.

Suspension to deform H

Hne(k.r.0) = cos0H(k, r) + sin O11
%C(kf I, 9) = cos OHpe (k I‘) X 7. +sinfl ® 7,
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> Hpe(k,r,0) = cosOH.(Kk.r) + sin HI1

Helk,r,0) = cosHne(k.r) @ 7 +sinfll ® 74

> 0=Ky, Kr(s:D,d) — Kp(s+1:D.d+1)
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—> o -- ° 4--0—) °

-->» o <—o ° (—o---) °
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2i Kr(s;:D +1,d) = Kp(s+1;D.d)
3

K. (s+1;D-1d)=K.(s+1D,d +1)

o=d-D K.(5;0)=K.(s+10+1)
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TABLE I: Periodic table for the classification of topological
defects 1n insulators and superconductors. The rows cor-
respond to the different Altland Zirnbauer (AZ) symmetry
classes, while the columns distinguish different dimensionali-
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Strong and Weak Z2 numbers in topological insulators

Symmetry do=d—D F u- Kane
s AZ ©* =2 o 1 2 3 4 5 6 7
0 AJ] O 0 0] Z 0 Z 0 Z 0 Z 0
1 AllIf 0 0o 1|0 Z 0 Z 0 Z 0 Z
0 AlL| T 0 0] Z 0 0 0 22 0 7z 7s
1 BDI| 1 1 1| Z Z 0 0 0 22 0 7o
2 D0 1 0|Z Zoe Z 0 0 0 2Z 0
2 piil -1 1 1l 0 Ze Te 7000 97
4 At -1 0 o0lo7Z 0 Zo To 7. 000
5 CII| -1 -1 1| 0 2Z 0 Zog Zo Z 0 0O
" C|l 0 -1 0|l 0 0 22 0 Zo Zo Z O
INCI| 1 -1 1|0 0 0 22 0 Zy Zo Z
< d=2 d=3
4 AlIll -1 0 0 2Z 0 Zo Zo Z 0 0 0
N I—} 1 — — —
VO . V]_! V21V3 i‘l U — 5(_1’1@1 —|— .UQ(; -T- IJSGg)
— —
B - M, = 7 (mod 27)

(@) *n iy *g Burger's vector

Gapless 1d mode
along the
dislocation

Y.Ran et al. 2009




Physics of
Noncollinear Maghetism



"Electromagnetism”

Non-collinear
spin texture



Multiferroics



Mott insulator

Low-energy charge dynamics is quenched ?

charge transfer Im g( C())
states

requires the real transitions
between the spin states

spin states

Spin Charge Separation

q n

xX'+x/2 .- S - S

X Q/ j N O
- P
T S
x'—ox/2° S )
(@) (b)

o

(g, — 1P (Dg* + iw)

elg, w) =g, +

Ng, Lee

4o sl

Triangular process Spin-orbit interaction
r

ong =
t19toql .
8 19553 2L 1Sy - (Sg +S3) — 2S5 - S

Bulaevskii,Batista
Mostovoy, Khomiskii




gauge field coupled to spin current

Aharonov-Casher effect
Lint = jspin ) Aspin
'&spin — ﬂ“(E X §)

Spin-orbit interaction
Hyo = /1(§><VV)- p

5 ~A'(SxP) P=Ag- P

e m ul toroidal moment

Qi f\E i s >

, Josephson effect
U supercurrent of Sz
-—
§ E Js

Jn /, R J _ 0, 0
1 % o 6,57] =1

Orders of magnitudes enhancement in
condensed matter !! ( ~10"6)




Helimagnets

Frustrated Heisenberg model (Yoshimori 1950) j’
>

. a(R-R))
H :Z‘Jijsi -5, J(Q):Zj:e Jj
i

S _C AQR , & A-IiOR
Si=5q8 " +5 48

|S; [=const — | S, || S_ |=const @ @ @ @ @
—_— 6

Sy-S =0



Electric Polarization due to spin current

Double exchange interaction Super exchange interaction
(1 hole) (2 holes)
ﬁg_eV €12 X (€1 X €3) B 4e V)3]6 % (& % &)
=~ 7oA [cos 9%| = "9\ 12 1 2
(cosf, =€, e€, ) . . -
P Poc€,x(S1xS2) €, x |,

—>

€
Js :spin current

S

d- orbltals -
Js .

V = p-orbitals
A F}v
—p .
e12 d-orbitals

A:d—p energy difference

V: transfer integral

@— o) —@ I:constant oc a,(Bohr radius)

Katsura-Nagaosa-Balatsky PRLO5
Mostovoy, Dagotto



Uniform P

even with
Incommensurate
spiral

No ME effect

Transverse
ME effect

Upor = Omag COMpONENt

ZnCr2Se4(spinel): screw spin structure GaFeOa3: only transverse due to
Akimitsu et al. toroidal moment
Popov et al.



Multiferroic behavior in perovskite oxides
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Gauge theory of spin current in magnets

L= (@, -ia,-ic-Au)z, [P +4|2, A, oce,xE

N

magnetic domain boundary

various spin
W textures in polar
\UW magnets analogous to
b vortex in superconductors

0185z 04 08 08 1 [o10] A magnetization direction

Radius, o/

3 i = Fig. 3. Helical magnetic domain structure involving
Figure 1| Three chiral modulated structures for noncentrosym r_llelrlr. [100] magnetic defects, (8) Magnetic domain boundaries

ferromagnets and comparison of their energy density. a, One dimensional aie seen a5, dark wavy Hine contasts in-addition o

Rossler et al. Nature 2006 Uchida et al. Science 2006

A yiy  sziy iy iz spin current dynamics can
Exx (@) o< Y0 M PN PR Y9 PRl IS iR be studied by the dielectric
properties of magnets.

8((()) o loo (a)) o a)zgspin (6())

spin
2kaT[02Dk4 +X "Lk (w? - Czkz)] Hydrodynamic theory

DR +X - %  of spin gl
[(w = ck)? +(2DR*)?*[[(w + ck)* +(2Dk*)? ]’ ?HasIg:ri%-aSsasslow)

Cﬂlama(E’ w) =



Helimagnets A

Frustrated Heisenberg model (Yoshimori 1950) ./Q,.
>

~a~ iq(R; —R;)
H :Z‘Jijsi S, J(Q):Zj:e Jj
i

S _Q aR & R
Si=5q8 " +5 48

|S; [=const — | S, || S_ |=const @ @ @ @

Sy-S =0 3

Dzyaloshinskii-Moriya interaction

H=Y35-5,+YD,-S xS)) Q) Q
e S
D /s

A




Structure

MnSi(B20 structure)

5 Unit cell
195




Real Space Observation of Helical Structure

il

magnetic domain boundary

M alv]|a
MY Ay A
i

v (A (Fe,Co)Si
vih

A
A

A & magnetization direction

Fig. 3. Helical magnetic domain structure involving
magnetic defects. (A) Magnetic domain boundaries
are seen as dark wawy line contrasts in addition to

Uchida et al. Science 2006




Skyrmions



Skyrmion and spin Berry phase in real space

Skyrmion configuration

From Senthil et al.

N
L. = E‘ (0, —ia,) z

z|> + slzf? Solid angle acts as a
a=1 fictitious magnetic field
2 _— for carriers
+ u(|:|”) T K€ i)

Ei’(gjxgk)zvxg



Solid angle by spins acting as a gauge field

’ Ic,> c; >

A gauge flux @ g "\ N

Sy conduction \
S, electron

|
tiy = t(xlxi)
0; 0, 0; . 0,

= t (cos ) COS 5 + sin ) sin 3 exp(i(¢; — @)))

. 0, .
= tcos 5 exp(ia;;)

acquire a phase factor

scalar spin chirality
Fictitious flux (in a continuum limit) ()

. S
q)ocsi-(sgxsk):% Si k
5;




Pyrochlore Nd,Mo,0-

c
T Te
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Y. Taguchi, Y. Oohara, H. Yoshizawa,
N. Nagoasa, and Y. T., Science 2001



Equation of motion

dx _0s  dk g %:—e(—@—%ﬁxsrj
dt 8k dt k dt or dt
one flux quantum/(nm)2~4OOOT !
k-space By

[—Space

/B/

B, induced AHE B. induced AHE

Fermi surface

0 —2 0
Oy CT Py €T Oy CT°, Py €T

“dissipationless” nature Cf. normal HE ,
py =Blneo, ~o, Blne




Helimagnets .

Frustrated Heisenberg model (Yoshimori 1950) I/Q,'
>

= & (R R,)
H=235$, J(q)zzj:e Ji
ij

S _Q plQR , @ A-iQR

S, [=const — | S, |5 S, |=const @ @ @ @

SQ'S—QZO (5

Dzyaloshinskii-Moriya interaction

H=Y35-5,+YD,-S xS)) Q) Q
e S
D /s
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p (as2em)

p = 14.8 kbar = p,

L 1
100 200
TiK)

Non-Fermi liquid charge transport

300

1st order transition

Critical endpeint (o, B}

Pfleiderer, Rosch, Lonzarich et al
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Small angle neutron scattering for Skyrmion Xtal

A - :
0.6} field-polarized *B2 "B MnSi
iy B, *B
05} —-— o

B I/ <100>
\ ' S. Mihlbauer et al/,
X Science 323 915

(2009)




Skyrmion Crystal

Superposition of three Helix without phase shift
: —0i
M(r) ~ Mf+ZMQ (r + Ar) @3/
Mg, (r + A?“) A['n,ﬂcos(QZ ) + niosin(Q; - 1)) Q,+Q,+Q,=0
Skyrmion Skyrmion crystal  3-flod-Q

:,/3.." 5 9 iy

S. Muhlbauer et al. Science 323, 915 ( 2009)




' | ' '
=] o8] E [y} o

|
—
=]

on A dd

=—JZ§

J. H. Park, J. H. Han, S. Onoda and N.N.

(Sets+Srsg+Srss)

_HZ{ST KSH@'i-I-SrKSM'ﬁ"‘STKSHE'i:I

+ A Y (82 (52 +(87)")

A2y (5:5;,_;_. +5§53H+5:5:+_;)

r

r

L 6 VY reowe) L PLLT L
= [ ]
0.8 “aff — {08 41T 2 )
-4 A & b —
0.6 a o® 0.6 °?
A . A R ..
0.4 o “ 0.4 -2 o® .
L] L] '
0.2 ] a 0.2 o®
D D ’ AA A A D =. -
0123456 7 01234567
H H
(d) SC1 () SC2
-12 -10 addal, ]
-10 ‘MA;A 8 -~ - |
-8 i‘ . 4 A
GXY—E f (&y_“ 4 ]
_4 7
- -2 ]
2 i A
0 Ah A 0 LA ad
5123456? 0123456 7

(c) SC2

—H-ZS,.

[o. =5 B x50

1

10.8
10.6
10.4
10.2

- N
= 9) N U

H/ (1.5%A1 + A2)
o
U

SCh

5P

SC2

4

1

2

aniso’rr'op); A2

2.5 3

(c) SCh

P e S Tl RN
RN P o S R oS

R R A

B e N i S o KL

BTV

¥ 58 et

3 uf\:ﬁ;r;;t




qu
~
o
C’
Q
(1
~—/
.m
S
o
\72)
>
|
O
<
.w
£
>
=
Vp)
Y—
o
<
.m
=
)
>
|
Q
2]
Q0
o
=
Ly
—
N
S
-
Q
|
o
-




Figure 2 (a) Magnetic field dependence of real-space Lorentz TEM images of the magnetic structure in

Fe,5C0,5Si. (b) The corresponding fast Fourier transform (FFT) patterns of (a). (c) Temperature profiles

of the magnetization distribution map with a external magnetic field of 50 mT. The external magnetic field 208
was applied along the c-axis. The color map represents the magnetization direction at every point.
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Some considerations

Order estimation
a~4.5A D/J=27(a/)\) ~ 1/30
J ~T_~30K
D%/J = J(D/J)? ~ /900 ~ 30K/900 ~ (1/30)K
~ B, ~ 40-80 mT

Thermal fluctuation and Lindeman criterion

\/ < (displacement)’ > ~(J / D)a T elting = J
Dynamics of SkX crystal
. 2
Acoustic mode of crystal [ X,Y] =i o = ck

Coupling to the current of conduction electrons I : 5



Coupled dynamics of conduction electrons and SkX
J.D.Zang, J.H. Han, M.Mostovoy, and N.N.

Effective EMF due to spin texture
acting on conduction electrons

€; = —aiflg — %ﬂl — % (Il . (i)@n X H) ,

[010] [100] h"i- — V X a]z- — E—géiz (I] . E)II] X f)yﬂ) .

Hint = —% fdgajj .a  Coupling ferm

_ Lorentz force

on on 1 on on
—4+v-— —¢e(E+e+ —|v X H+h)-,———.
‘ Ot Ox E ( C | ( ) oP T
Boltzmann equation
I~y 0H g
n — ;t j-V)n—~ {n X 51: + an x n|

LLG equation



A. Neubauer et al, PRL 102 186602 (2009) | | M. Lee, W. Kang, Y. Onose, Y. Tokura,
and N. P. Ong, PRL (2009).
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Finite but quite small Relation to the magnetic structure??




Fictitious magnetic flux oy T ki

one flux quantum/(nm)?~4000T !
(double-excahnge model)

Ap,, < @ (Sk density)

A(magnetic) O(cal.) Ap4(topological)
[nm] [T] [nQcm]
FeGe 70 1 indiscernible
28
MnSi 18 5
MnGe 3.0 1100 200
Nd,Mo,0, ~0.5 ~40000 6000

(reference)




Spin Transfer Torques in MnSi
at Ultralow Current Densities

F. Jonietz, S. Mihlbauer,? C. Pfleiderer,'* A. Neubauer,® W. Miinzer,® A. Bauer,® T. Adams,?
R. Georgii,** P. B6ni,* R. A. Duine,? K. Everschor,* M. Garst,* A. Rosch®
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Fig. 2. Typical scattering intensity patterns observed in our neutron-scattering
measurements for a neutron beam parallel to the applied magnetic field (21).
The red lines serve as a guide to the eye. (A) Skyrmion lattice at zero current.
g, wave vector; std. mon., standard monitor. (B) Pattern of (A) under current in
the vertical direction (arow). (C) When both the current and a small antipar-
allel temperature gradient are present, the scattering pattern rotates counter-
clockwise. (D) Pattern when reversing the current direction in (C). (E) Difference
between (C) and (D). (F) Difference of intensities when reversing both current
and field. (G to J) Same as (C) through (F) for reversed direction of the tem-
perature gradient.
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"Electromagnetic induction’

Moving magnetic flux produces
the transverse electric field

1
= —— |V xh
e=——[V) xh]
» Aoy x  elhy)T |
o 2S5+ e [I:m\/[}jl:]}

X Conduction electron number per site

S Spin quantum number

top

o e<h >1
cf. —= :

O mcC

Topological
V A ny AHG" effect




New dissipative mechanism for spin texture

i h~yo hi~yo
=" (e Vn=-—
=y lerVIn= s

moving flux = electric field » induced current > dissipation

(n-d;n x n)d;n.

1 aco

» o = 25 z(k|:|)(a/‘§)2

+ &) ag3c

mean free path | << & size of Skyrmion

o' does not require spin-orbit int. and can be as large as ~1
But ¢ is determined by DM interaction.



Skyrmion Hall effect

Transverse motion of the Skyrmion as a
back-action to the "electromagnetic induction”

[010] [100]

V. = Q(a+a’)(V,xe,) AV

Q = +£1  Skyrmion charge determined
by the direction of the external magnetic field

"Hall angle” tan 6, ~ a + '



J D
Hg = /d%‘: —(Vn)*+ =n-[V xn] — "H.n
2a a? a3 |
n(x.t) = n(x —u(x.t)) U displacement field

d?x
Hie = dnJ/ 5—5[(?%)2 + (Vuy)?] elastic energy

dQ [ d%r ,
Spp = o / dt? (U lly — Uyliz) Berry phase term
ux and uy are canonical conjugate

h d?x , ,
Hine = d f / e (Umj'y — uyja:) coupling to current

» — n.J (ka)? “phonon" of SkX
W= S+5 1L only one branch
: [ T (E T n_)] k™2 dispersion

k™2 damping



Collective pinning of Skyrmion crystal

impurity

- D, .. -

Inhomogeneity of
Impurity and skyrmion X-tal

3 . -

- Pinning and distortion

i R ' % e
E ] i - L
. 'l..'-_l-..'. -._.--,.l_->< T......_. =
" _..xp_-_n




Theory of collective pinning

Es ~ (J)2 ene. of one Skyrmion 4§.J ~ Jﬁ'”*i variation of kin. ene.

N, : # of impurities ina Sk (N1) = n:27&%d  d ; film thickness
B) 6N, = /N, Variation of #

» Vi ~ J /N = J nid" Variation of

ne2m&2d neal \ 2w one Skyrmion energy

» I ~ ﬂ Competition between pinning and elastic energy
V1 determines the size L of domain for collective pinning

hiA g C)QI ﬁ"}-‘-:fz IE]L B (1. I Vo = I1/ 21§
= d
&2 Y7

Ju? d L[262 ds I Pinning freq.
‘ > ol > &Vo
Jo ~ =7\ Fa I ~ % g7, Critical current density

of phonon
for SkX motion




ne = 3.78:1022 & = nea® ~ 0.9  0.4ug per Mn ion S+3 =05

Z_0g~01  J~3meV € ~TTA

p(OK) = 1.85uQ - cm. d = 10nm (Ny) ~ 700

J Ed
Vi= 23’?52% = —E U 2.10%meV
x &V 2ma

L~5-10°
‘ o hi~vo 4m _ 1 o a3 0
4e? 2m€2 2a4(S 4 x/2) ¢ &2 '
eh.t 1 o _ Q(S—I—J;/?)a, 000
me gfNel? C T h ~6T

' —2
fiwpin ~ 5 - 107" meV  Je~ 0.2A4 - cm
— very small /



M.Mostovoy, K.Nomura and N.N. PRL2011

R 5 Spin dynamics in the intermediate
X e virtual states of the exchange int.
\ e .5 2 Coupling between
g S; i gauge field e and E
@ Q - Multi-orbital Mott insulator

LE — fds.JCTabEaeb(X, f),

e 1

Tab — —
(U') v

Zlfjﬁ,ialz(x? — x{)(x) — x7)
J

Finite even without
inversion asymmetry or spin-orbit intferaction



Moving spin texture produces  p . 5> % R
the electric polarization g0z J

Example: a Skyrmion in a confining potential U = £(R% + R})

. . oU
S

iR = BRE vy — — Gy =470

Applying a rotating electric field E (1) = E_(coswt, —o sinwt)

‘ Different resonant response at () = W

gEq [ for o = +
Xﬂ — o 2= 1 Q7 , ; _ _q
2S | — 5 foro q,



Topological phenomena

Anomalous Hall effect E.Hall (1881)

Theory
associated with emergent electromagnetism Experiment
Karplus Berry QAHE
-Luttinger (1954) || Phase (2002) || (2003)

(AHE)

Spin Hall effect (SHE) | D’yakonov-Pe

rel | | Intrinsic SHE
(1971) extrincis | | (2003)

Awschalom (2004)

Topological Insulators | Kane-Mele
(2005)

L.Molenkamp

-S.C.Zhang (2007)

Correlated Tl in oxide
Superlattice (2011)

Rashba TI (2012)

Hall effect of light (2004) | | Hosten

-Kwiat(2008)

Deformed X-tal(2006) || (2010)

Multiferroics T.Kimura (2003) | | Spin current (2005)

M.Kenzelmann (2005)

Skyrmion X-tal | A.N.Bogdanov(1989)

C.Pfleiderer (2009)

2D SkX(2009)

X.ZYu

Magnon Hall effect
Left-handed magnon
Spin-orbit Echo

(2010)

(2010)

Tokura (2010)

(2008)

(2012)




Conclusions
- Emergent electromagnetism

1. Projection onto Hilbert sub-space
- Berry phase and gauge field
- spin-orbit, spin current physics,
3 sources of U(1) e.m.f.
2. Various Hall effects driven by

Berry curvature
3. Global topological structures Topological materials

edge/surface physics electron fractionalization



