3. Qubits

Pauli operators (Pauli matrices)
Bloch representation (Bloch sphere)
Orthogonal measurement

Unitary operation



Qubit
dimH =2
Take a standard basis {|0)7 |1>}

—

Linear operator A

Matrix representation (for {|0),|1)} )

A= Apo Aoz Ajj = il
A0 A1l A=Al (]
1]

4 complex parameters

A = agog + @101 + ap0p + a303



Pauli operators (Pauli matrices) Take a standard basis {]0), |1)}

=\o 1) 92791=11 0 )

~ ~ (0 — ~ ~ 1 O
oy=02=|( . o |, 0z=03 0o -1 /-

Unitary and self-adjoint

4 [5;,0:] = 2i€;;1.0% s Levi-Civita symbol
J (%} _ _ __
L R . €123 = €231 = €312 =1
0,0 + 0;0; = 20; ;1 {6321 = e213 = €132 = —1
R R ’ Otherwise €;;, = 0
Tr(avl) = 0, Tr(aiaj) : 25i,j- Einstein notation
\ i,j =1,2,3/ S, is omitted.
~2 =
o, =1
(62,55} = 646 + 6255 = 0
Tr(ouoy) = 26p,0 ‘Orthogonality’ with respect to

(u,v=20,1,2,3; oo =1) (4,B) = Tr(A1B)



Pauli operators (Pauli matrices)

PO
g [04,0] = 2ie€;;1,0%
37;53' -+ 33'5,,; — 257;73'1
Tr(&i) = 0, Tr(&i&j) = 251"3'.
\ /
Linear operator A 4 complex parameters ( Pp, P, Py, P,)

P = (P, Py, P)

0 = (64,0y,02)

Py =Tr(A) P =Tr(cA)



Pauli operators (Pauli matrices)

A“:;(P01‘+P-&):;(

A is self-adjoint. — Py and P are real.
Eigenvalues A4, \_

det(A) = AL A = (P2 — |P|?)
TF(A) — )\_|_ —|— A = PO

|

A = (P x|P|)/2

A is positive. ~— Pgp and P are real, Py > |P)|



Bloch representation (Bloch sphere)

Density operator Positive & Unit trace
Poz|P| Po=1

p=5(1+P-5) |P|<1

Density operator for a qubit system

+<— A 3D real vector of length no greater than 1

y4

A

A point inside or on the sphere of radius 1

P:(PCI?:PyaPZ)

Bloch vector

X A= (Pox|P])/2 = (1£|P])/2
Pure states +— Ap. = 1,A_ =0

«<— On the sphere
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Vectors in the Hilbert space

Orthogonal states +~— 0 = 7

Orthonormal basis «<—— A line through the origin

|¢ > A
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Py - P, = cos6

v



Examples

Spin ¥ patrticle

[0)

Bloch vector

= Spin vector

1)
Polarization of
a single photon

Bloch sphere
= Poincaré sphere

_-1"




Orthogonal measurement

Orthonormal basis {|®1), |$2)} *— Aline through the origin

14+ PP
P(1) = (¢1|pl¢1) = Tr(p1p) = +21
P(2) = 1_1;1'13

Example

Measurement of observable O »

; l

Z axis




Unitary operation

|¢>a €i9|l/)> The same physical state

U, et The same physical operation

det(e?U) = €29 det U

group SU(2) :Setof U with detU = 1 U e SU(2) < —U € SU(2)
(2 to 1 correspondence to the physical unitary operations)
U = expl[iS] o e 0
\ - 0 e ¢
Self-adjoint, traceless
q —_— l P . T o — ¢ 0
S=5(P-0) S = ( 0 —o )

We can parameterize the elements of SU(2) as

U(n, ) = exp[—i(¢/2)n - &]
1

Unit vector



Unitary operation

p=3(1+p o) D =4 (14 P )

How does the Bloch vector change?
Infinitesimal change U(n, 6p) ~ 1 — i(5cp/2)’n, o
P =P — P =Tr[6p] — Tr[cp]
Tr[6T(n, 5¢)pU" (n, 5¢)] — Tr[& 7]
Tr[01(n,60)60(n,50)p] — Tr[67]

~ Tr{(iép/2)[(n-&),6]p} = —6¢Tr[ne;151)
SoTr[(n x &)p] = deon x P.

Rotation around axis i by angle o



Unitary operation

Ue SU(2)

U = exp[—i(p/2)n - 7]

Rotation around axis n by angle ¢

Examples

o,. m rotation around z axis
o. m rotation around x axis

1 (1 1
Hzﬁ(1—1)

Hadamard transform
m rotation (interchanges z and x axes)



4. Power of an ancillary system

Kraus representation (Operator-sum rep.)

Generalized measurement
Unambiguous state discrimination

Quantum operation (Quantum channel, CPTP map)

Relation between quantum operations and bipartite states
A maximally entangled state and relative states

What can we do in principle?



Power of an ancilla system

Basic operations
Unitary operations +
Orthogonal measurements

An auxiliary system
(ancilla)

Q ey -
i 1
P
U probability
o j> s

O—@




Power of an ancilla system

Basic operations
Unitary operations +
Orthogonal measurements

An auxiliary system
(ancilla)

measurement

O ng

/ probability

IO —@




Power of an ancilla system
e measurement

et
/ J
U probablllty
B

OO —®&

___________________________________________________

5® 10) g5 (0 :
U(5®10)gr(0))0°

pjﬁc()ju)t = p(lU(p @ 0)pe(0NTTj) g B{J| U 0)E

— D x A 3 30,

M) = 5(j|010) g



Kraus representation (Operator-sum rep.)

pipsi = plU( @ |0)pp(0)T) g
l M(j) = E(j|U|O)E Kraus operators

p;pS = MWOFIDY with ¥, TODINIG) = 1

Representation with no reference to the ancilla system

> DT =37 p(010M7) pp(il010) g
9 J
= p(0|07010)

= (0|14 ® 1E|0) 5



Kraus operators — Physical realization
pivgk = £(il0(7 @ 10)pp(ODTi)E
T l M) = E{7|U|0)E Kraus operators

p;pS = MWOFIDY with ¥, TODINIG) = 1

Arbitrary set {M )} satisfying 3. MUWTNU) =1

#)a® [0)r — > MP|p) 4 ® |j)k is linear.
preserves inner products.

/For any two states |q?)A and [¥) 4, N

(Z MP|g)a @ j,>E) (Z MD|g)a @ j)E)

Jf

J

| T alla=(¥)ae 0)e)" (|¢)a ®10)) - Y

There exists a unitary satisfying
U(1¢)a® |0)p) = >, MD|$) 4 @ |5)E




Generalized measurement

pjﬁ(ﬂ) = MW with Z.M(j)’rM(j) =1

pj = Tr[N1 D o1 T = Tr[FU) 5]
FO) = mrWiyr) > o

positive

/j

{FUY povMm

Positive operator valued measure




Generalized measurement

[ pj = TF[F(J)ﬁ] with Zj U =1 }

Examples

Orthogonal measurement on basis {|a;)}
FU) = |a;){a;|
Trine measurement on a qubit 1b1)

FU) = Z1b;)(b;]

b;)(bj| = 5 (1 + P; - &)

-~




Distinguishing two nonorthogonal states (bolp1) = s > O

Minimum-error discrimination

(maybe) O
qubit /
measurement \

(maybe) 1

v

|0) or |#1)

50% 50%

Unambiguous state discrimination

qubit @

|¢O> or |¢1> Prail ™ (I don’t know)
50% 50%

(surely) O

v

measurement — (Surely) 1




Unambiguous state discrimination

(surely) O
qubit /

@ > | measurement | —— (gyrely) 1
|¢O> or |¢1> pfa*‘ 2 (I don’t know)
50% 50%

(Pol¢p1) =s5>0

Orthogonal measurement

If the initial state is |¢o>

{|§b0>a |§b(J)_>} it always fails.
2 (1 doAn/’t know) \(surely) 1 If the initial state is |(b1>
it fails with prob. |<¢0|¢1>|2 — 52
1 Prail
14 s2
{161), 161)} Pfail = —

1 (q;o|¢1>



Unambiguous state discrimination

(surely) O
qubit /
@ > measurement — (surely) 1
|¢O> or |¢1> pfak« 2 (I don’t know)
50% 50%
(Pol¢p1) =s5>0
Generalized measurement The only constraint on (&t comes from FQ 2 0]
NS n n 7
B IRYNI = s (Fo+ Fy <1)
Fo = plé1) (o1 | \$o191) o

(Fo + F1)(|¢5) £ |o1))
= u(1+5)(Jég) £ 1))

The optimum: o = (1 + S)_l
1 Prail

prail = 1 — Sl{olo1)I? = L l(61160) 1y

i 1 1
by = plég) (ool
FQ L= T—Fo—ﬁl




Quantum operation (Quantum channel, CPTP map)

pjﬁc%)t = M pnrt with >, MWtirG) =13

o [
»

Pout = Zj Pjﬁc()ﬁ)t — Zj M(j)ﬁM(j)T
=3 pUlUGE |0>EE<0PUT|J'>E
= Tre[U(p® |0)gp(0])UT]

[ Pout = 3 MW i) }
= TrplU(p ® |0)gp(0))UT]

completely-positive trace-preserving map

Pout — C(P) CPTP map



Quantum operation (Quantum channel, CPTP map)

e[ 9
NONEOE

________________________________________________________

[ Pout = 30 MWDpNIDT with 2, MO = 1 }
= Tr[U(p ® |0)pE(0)TT]

completely-positive trace-preserving map

Pout — C(P) CPTP map



Positive maps and completely-positive maps
Linear map

pa > Cal(pa)
“‘positive”™ C4(p4) is positive whenever p4 is positive

: C A : QCA@A)

“‘completely-positive” (C4 ® Zg)(pap) IS positive
whenever p4p IS positive

e | cl

PAB % (C4aRZR)(paB)

KQ

(CAa®Ip)(paB) = Z Mﬁj)ﬁABME”
J




Power of an ancilla system

Basic operations
Unitary operations +
Orthogonal measurements

An auxiliary system
(ancilla)

Q ey -
i 1
P
U probability
o j> s

O—@




What can we do in principle?

We have seen what we can (at least) do by using an ancilla system.
pipS = MWDt with ¥, TD1ir0) = 1

We also want to know what we cannot do.

v
v

A

Black box with classical and quantum outputs



This is what we can do in principle Pm MM

_—
O ;A

Any phy5|cal process should be represented in the followmg form:

m,k

Orthagonal measurement

{|%, m)E‘-}{ :/.m




What can we do in principle?

*Attach an ancilla
*Apply a unitary
*Discard the ancilla

___________________________________________

___________________________________________

A

v

Black box with guantum output
(Quantum channel)




Maximally entangled states (MES)
dmHgs=dmHp =d

0, Op

Orthonormal  {1k) 4 };—12 _d Uk BIE=1,2,...d
bases Y

d

1
kgl\/—alku ® |k)B

Maximally entangled state
(with Schmidt number d )



Properties of MES (ll): Relative states
Fix a maximally dmHy =dimHp =d

entangled state Q Q
A B

Z k) alk) 5

1 Relative states

[P)a =D aglk)s * - 0" g =) ailk)p
k k
d x p{¢*||®) ap = Vd x 4(¢||®) a5

p
Q > ) A
A

Orthogonal ‘ outcomle
measurement - 1 J =
B {|vj)}j=10..4 PLTd
v1)B = [¢")B

D) ap <

Sk

[d)a = B<¢*|¢>AB}




Properties of MES (lI1): Pair of equivalent local operations

Z =k alk) B

ﬁ (TA ®1p)|®)ap = (14 ®TE)|®) 4

] |

All ® p(k| A<Z|TA|k>A — B(k|Tig|l>B transpose

Q Equivalent Q
B B p



Quantum operation and bipartite state

We can remotely prepare system A in any state

l with a nonzero success probability.
At any time
-
e — (fous
X |~ *
A d X g{¢"|0AR|®") B
% -~ A
OAR :
‘q)>AR < SN 5
™' probability
Q . — ¢* 1
\_ R measurement ¢

a'AR ‘The state obtained when a half of an MES is fed to the channel.

If this state is known,

ﬁout — B <¢* ’OA-AR ‘ ¢* > Bd Output for every input state is known!

Characterization of a process = Characterization of a state



Quantum operation and bipartite state

ﬁout — \/ER<¢*|6_AR‘¢*>R\/E
S T —
(6" = Vd ar(®@||o) Tar = _|¥i)ar an(¥]

unnormalized

J

\/gR@b*H\Ifj)AR = M(j)]qﬁ>A (A linear map)

ﬁout :ZMU)‘¢>AA<§/§|MU)T AR< |

J

)

Ui an



What we can do in principle

*Attach an ancilla
*Apply a unitary
*Discard the ancilla

A

[ »
» »

Black box with quantum output
(Quantum channel)




Size of the ancilla system jrmmenananananan, .

dimHp = (dim#4)? |
is enough.

___________________________________________________

D) 4 7S

dim(Ran pg) = dim(Ran p4r) < dimH  p = d°



Universal NOT ? Spin reversal ?

Bloch vector

P— —-P

linearmap p — C(p)

c(lo)(0]) = [1)(1] 52 = [1)(0] +[0)(1
c(|1)(1)) = 0)(0] 5, = il1)(0] - i10) (1
C(|0)(1]) = —|0)(1 G2 = |0)(0f — |1)(1]
c(|1)(0]) = —[1)(0| Lo

This map is positive, but...



Universal NOT ? Spin reversal ?

c(l0y(o) = [1)(1 R()
C(|1><1|) — |O><O| |CD>AR ﬁAR ?
C(|0)(1]) = —|0)(1] AQ_ Universal NOT —

C(11)(0]) = —[1)(0|
2|®) (| = (]00) 4 |11))({00] + (11|)
= ]00)(00| + [00)(11| + |11)(00] + |11)(11]

20AR =2(CRI)|P)(P| =
= [10)(10| — |00)(11| — |11)(00| 4 |01)(01]

2pARr(]00)+[11)) = —|11)—|00) = —(|00)+|11))

PAR has anegative eigenvalue! (The map is not completely positive.)

» Universal NOT is impossible.



