Appendix: Linear algebra [l [0 Masato Koashi

1. Complex linear space (00 O000O0O)

C: The set of complex numbers (00000 D0)
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& A complex linear space [a linear space over C (C
O000000), avector space over C(COOODODOO
00)]is aset V with the following operations,
esum (O):a+beV (a,beV),

e scalar multiple (ODO00O0OO) :
aa €V (e € Ca€eV),

which satisfy the properties i)— viii).
ya+(b+c)=(a+b)+c

ii) zero element (O O)
0eV;VaeVia+0=0+a=aqa

iii) inverse element (O O)
Vae V;3x(=:—a) € Via+z=2+a=0

iv)a+b=b+a

& A subset of V is called a subspace (000 0O) when
it is a linear space itself.

o Any nonempty subset of V which is closed under
addition and scalar multiplication is a subspace.

o An intersection of subspaces is a subspace.

Basis (0 O) and dimension (0 0)
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a = Q101 + Qo + - - - iy,

000 {ai,a,...,a,} 000000000
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& We say a subset A C V is linearly independent
(D0O00) when
Q € (C(] = 1,]{2), {bl,bg,..
a1by + asby + - agpb, =0
= (aq,Qs,...,a;) =(0,0,...,0).
& We say a subset A C V' is linearly dependent (O
O000) when it is not linearly independent.
O A C V is linearly dependent iff
Ik >1;3;(#£0) € C(j =1,...k),
a{bl, bQ, Cay bk} C A;
a1by + azby + - - apb = 0.

Sbr} CA;

e The intersection of all the subspaces including a set
A C V is called the span of A (or the subspace gener-
ated by A).
@ A vector b is in the span of A iff

Hk; 304]' S (C,Elbj €A =1,...k);

b= aiby + asby + -+ - apby,

(We say b is a linear combination (0 O000O) of
A in this case.)
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& A linearly independent set whose span is the whole
space V is called a basis of V.
¢ When B is a basis of V, any element a € V is
uniquely decomposed as

a:a1b1 +Oé2b2+"'akbk

[aj EC,bJ‘ €B(j=1,...k)].
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o Every linear space has a basis.
o For any linearly independent set A of vectors in V,
there exists a basis B of V' including those vectors (A C
B).
0000000A0O00OODOOOOD (DODOO
0000)00000000000000 AODOOOO
00 A+{v}000000000OO0OO0ODOO0OOO0
000000000 (@OoooOoOooOooooOoOOon
000000000000 000000n)

@ All the bases of a linear space V have the same

cardinality (O O) .
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& The cardinality of a basis of V' is called the (Hamel)

dimension (0 0) of V (denoted by dim V).

& When dim V is finite, we say V is finite dimen-

sional (DOOO) .

e When dim V is infinite, we say V is infinite dimen-

sional (DOOO) .
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Q If

i) V is the span of A,

ii) B C V is linearly independent,
then |A| > |B|. (|X]| is the cardinality of a set X.)

n:=|A|00000000000000|B|>n+1
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00BOOO b, 0000A+{b}0000000{k}0
000000000000 A0D0OD0 qODOODOOD
(L OOOOODOoOoOoOO0o0oooooooOoOO0ae, ODODO
0000000000000000000A+{b}—{a}
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00BOOO0O bbOOO0A—{a}+{b,b} 00
00000{b;,b}0000000000000A4—{a}
00000 e000000 b,boeODODOOOODODOO
00d0dodddbodUde D000 OO0OOOOOOO
000D000D0000A+ {b,bo} —{ar,a,} 000D
Oviooooooooooo

00000000 n0000000{by,bs,...,b,} 0
0000 VOOOOO0O00O0O0/{by,bs,...,bn,bpe1} O
O0oo0ooOoBOO0OOODOO

2. Inner product space (D00 0)

0000000 w,v0000000 i)-v) O
gboogobogboogboogboooo
gobooo

gubogboobobobouoboboobg

000000 )+Hi)000ooooooooo
(a,b) =a(a,b) D000

000000000000 (a,e)00000
0000000000000 |j«|00000
00000000000000000000
00000000
000000000
00000000

U
googobodgn
god

gboobooogobooo
gboboboboobod
gboooobboaaon

& An inner product space is a linear space V' over
C together with a map (+,+) : V x V — C called inner
product (O O) , satisfying

,b) = (b,a)

1

i) (a
ii) (a,by + b2) = (a,b1) + (a, bs)
iii) (a,ab) = a(a,b)
iv) (a,a) >0

v) (a,a) =0iff a=0

& When (a,b) = 0, we say a is orthogonal (0 0O) to
b (b is orthogonal to a, a and b are orthogonal to each
other).

& When (a,b) # 0, we say a and b are nonorthogonal
(D O0) (to each other).



& |la]] := v/(a,a) is called the norm (OO0 ) defined
by the inner product.
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& A subset X of an inner product space is called an
orthonormal set (00O 0OO) when for any a,b €
X,

i) (a,a) =1 (|lal| = 1),
ii) (a,b) =0if a #b.
Q An orthonormal set is linearly independent.
¢ (Gram-Schmidt orthogonalization (0O O) )

Suppose that {ai,as,...,an,...} is linearly indepen-
dent. Define

U1 =a1, U= U1/||U1||

vy = az — (u1,a2)ur, us = U?/HU?H

n—1

Un ::anA_'EE:(Uk,an)uk, Un = Un/||vnll,
k=1

which is well-defined since all v; # 0.
For every m, {u;}7, is an orthonormal set and its
span is the same as that of {a;}7L,.

0000000000000
|(a,b)| < [|all][8]
000e0b00000000000000
000

o (Pythagorean theorem) Let {ui,...,u,} be an
orthonormal set in an inner product space V. Then
foralla eV,

2

n
lall* =" [(ux, @) +
k=1

n
a— Z(uk, a)uy,
k=1

o (Bessel’s inequality)
n
lall* > |(ug, a)]?
k=1

QO (Cauchy-Schwarz inequality)
|(a, )] < [lalll[?]l

The equality holds iff {a, b} is linearly dependent (b = 0
ora=ab, acC).
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(b, a)
a— b
H oI

o ||a]| := +/(a, a) satisfies

i) [la||=0iff a=0
i) ||laall = |af f|al

iii) [|a + || < [|al| + ||b]]

Every inner product space is a normed linear space (0
00 00) with the norm ||af|.

o d(a,b) := ||la — b|| satisfies
i) d(z,y) =0iff z =y
i) d(z,y) = d(y, )
ii) d(z, z) < d(z,y) + d(y, z)

Every inner product space is a metric space (000 0)
with the metric (D00 O 0O) d(a,b).

3. Hilbert space (000 000O00O)

00000000000000000000
0oooo

(000000000000 (@O0)0000
0000000000000000)

e We say a normed linear space V' is complete (O O)
when

[|zn — Zm|| = 0(n,m — o0)
= limz, =2z €V

e A Hilbert space H is an inner product space that
is complete with respect to the norm defined by the
inner product.

Q If an inner product space is finite dimensional, it is
a Hilbert space.
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& If S is an orthonormal set in a Hilbert space H and
no other orthonormal set contains S as a proper subset,
then S is called an orthonormal basis (00000
0) (or a complete orthonormal system (O OO
0ooo)) of A

o Every Hilbert space has a basis.

o For any orthonormal set A of vectors in a Hilbert
space H, there exists a basis S of H that contains A
(AcCS).

Q Let S = {ux}xea be an orthonormal basis of H.
Then, for each a € H,

a= Z(ux,a)ux

AEA

QO (Parseval’s identity)

lal* = [(ux, @)

AEA

@ All orthogonal bases of a Hilbert space H have the
same cardinality.

& The cardinality of a orthonormal basis of a Hilbert
space H is called the (Hilbert) dimension (0 O) of
H (denoted by dim H).

© When the Hamel dimension is finite,

Hilbert dimension = Hamel dimension.

o When the Hamel dimension is infinite, the Hilbert
dimension is infinite and

Hilbert dimension < Hamel dimension.

e We say a Hilbert space is separable (O 0 ) when it
has a countable orthogonal basis.

4. Linear operators (D O000O0O)

In the following, Hilbert spaces (H,Hi, .-
sumed to be finite dimensional.

.) are as-
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T:-H,—-HUOODODODDODH, 000000
KerT:={z € H,:T(x) =0}

O kernel(0)0000#H, 00000
Ran T :={T(z) :x € H,} O

O range(00) 0000

range OO0 T7T0O000OO00O0O

dim(Ker T') + dim(Ran T') = dim H,

& We say a mapping T : H1 — Hs is a linear opera-
tor when

T(aa + Bb) = oT (a) + BT (b) (1)

for all o, 8 € C and a,b € H;.

@ C is a Hilbert space of dimension 1 with the inner
product («, 3) :=ap.

& A linear operator f : H — C is called a linear
functional (0O0ODOO) .

& For a linear operator T : H1 — Ho,

e The subspace of Hy, Ker T := {z € H; : T'(z) =
0}, is called the kernel (0) of T

e The subspace of Hz, Ran T := {T(x) : x € H1},
is called the range (O O) or the image (O) of
T.

e The dimension of Ran T is called the rank of T'.

e The operator norm of T : H; — H is defined as

IT(x)|| = sup M

T[] :=  sup
retazo |2l

z€H:||z]|=1



o [T (@) < IT[/]]l]-

e For A C H, we define the subspace AL = {2 € H :
Va € A;(a,z) = 0}.

©ACB= At>B*t

o (AH)t o A

oACB*=A4'D>B

e When A is a subspace of H, we say Al is the or-
thogonal complement (00O O0) of A.

o When A is a subspace of H, AN A+ = {0}.

o (Projection theorem) When A is a subspace of H,
every x € H can be uniquely written as x = z + w
where 2 € A and w € A+, (H=A® At)

o When A is a subspace of H, dim A+dim A+ = dim H.
o When A is a subspace of H, (A+)+ = A.

© Suppose that dim #; = d. For every linear operator
T:Hy — Ha, dim(Ker T') + dim(Ran T') = d.
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00000000000 f:H—CO000
0000y, eHO000 f(z) = (ys,2)00
000f00000y 0000000 (00
0000)0

QO (Riesz lemma) For each linear functional f : H —
C, there is a unique yy € H such that || f|| = |lys|| and

f(x) = (yy, ).

uoooobody,000000000000000
{u;} 0000y; =3, f(u;)u; 000000000y,
Df(a?):(y},x)DDDDDDDDDZ::yf—y}DD
O00zeHOODOD (2,z)=0000000000
ooooogo z0 z=0000
e The set H* of all linear functionals f : H — C is
called the dual space (0O O0O) of H.
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00 (y,2) 00 (ylz) 00000000y O
z)0D0D0000000000000

00 (y, T(x)00 (y|T]zy0OO0D0O

00|z)(y 00000 |z2) 00000000
|2yl 00000000 (yz) 00000
00000000000000000000
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& Dirac notation

a € H is denoted by |a), called a ket vector.

(a,-) € H* is denoted by (al, called a bra vector.

The inner product (a,b) is denoted by (a|b).

We often denote a linear operator with a hat ("),
like T+ H — H.

T)a) := T(a).

(b|T|a) = (b, T(a)).

A ket vector |a) can be regarded as a linear operator
T, : C = H, defined by T,(a) := a|a) for o € C.

|a)(b| is a linear operator : H — H.

(la)(B])le) = (b, c)a.

{uy,...,ug}0HOOOOOODOOOOOOO

d

> ) (ug| =1

J=1

Do0o00ooolooooon (Dooo
O00000000)000oooooO Com-
pleteness (closure) relation 0 O O O
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(clAIb) =D > {elui (il Alus)(us[b) (2)

i=1 j=1

QO (Completeness relation, closure relation)
When {|u1), |uz2),...,|uqd)} is an orthonormal basis,

d
> lug)(ul =1,
j=1

where 1 is the identity operator (00O O 0) .
000oU00oooo0o0oU |¢)000ooooon
|6) = 30—, lu;)(u;l¢) DODDOOOODD0D0D00



0oooo
HOOO00D0O0O0 {u,..
00000000

OOODOdO00O000000 (0,000
(¢|00D0D0d00000O00O (04000
¢i:={(clu;)) 0000000 (| =), ci{ul
A:H—-HOOOOdxdOO [(4,7)000
A =37 5 Aijlua) (g
0000(cAp) =3, A0, 000000
D00000000000000000

Lu 000000

Q© (Matrix representation)

Fix an orthonormal basis {u1,...,uq} for H.
ket |b) = b; := (u;]b) (column vector)

b) =, bjluy)

bra {(c¢| = ¢; := (c|u;) (row vector)

(el = 22; eilul K

operator A = A;; := (u;|Alu;) (d x d matrix)
A= Z” Agjlui)(usl

00000 A:H - HO00DOOOODO
xE’l—llDyEHgDDDDD

(A'(y), 2) = (y, A(x)) (3)

000000000000 At:H, »H,00
000000000000000000 AfO
A0DD0O000 (adjoint) 000 O

000000000000 D000000D00
000000 (AN = A0

(A+B) = Al + B'O
(BO) =C'B'OODOOOOO

0000000 [@)000008eCOO0O0
000 Ble) eX000D0000000C—
#O0O000000000000 (Ja)t = (a0
00000000000000000000
0oo

000 00000 feCOO0O0DOODO
afeCOD00000D000C —»COO0
0000000000 =a000000
0000000000000

Ooooo Atoooooon
(,j)0000000000000O0

(il Afjug) = (us| ATjug))T

= (Ju)) (AN ()T = (uy[Alus)
D000DAOOOOODO (5,/) 0000000
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Q Let A : Hq — Hs be a linear operator. There is a
unique linear operator At : Hy — H; satisfying

(4'(y), 2) = (y, A(2))

for all z € H; and all y € Ho. A is called the (Hilbert
space or Hermitian) adjoint (00 OO0 0) of A.

o [l = JI]|

o llATA|| = [|AJ?

O ANt =A

O (A+B)t = At + Bt

QO For B:Hy — Hz and C': Ha — Hs,

CB)t = BiCt.

O (la))" = (al.

Regard a ket as an operator |a) : C — H.)

a)f =a.

Regard a complex number as an operator a : C — C.)
O (c|A|b) = (b Af|c).

O A=3%0 Aijlui)(u;] & A = >0 Ajilui) (uy
(Transpose (0 0 ) and complex conjugate (0O 0O 0) )

—~~

QA

—~

D000oDooooQ0
0000w,B,...

0000 |a),[b),...
000 {al, (b, ...
00000 A,B,...
00000000 adjoint(t)

adjoint OO OOOODOOOOOOODOOO
gobobooooooo
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(la)t = (al, ()t =@

XYyOOoOOOoDOoOoDOOoOoOOoOooooooo
DOoooooo

(XN =x

(X +)t =Xt 4+ vt

(XV)t =vtxt




5. Normal operators (0 00O 00)

Al=A0D0D0000000A:H »HOO
000 (self-adjoint) 000000000
00000000
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A= 370 Aluy) (uy]
00000{\,...,A00000(0000
0oooo)

OO00000O0O kernel range0 00000

0000000 A,BOOO ([A B]:=AB—
BA=0)000000O00D0OO0O0O0OOO
0oooO

00000000 7T000000000 A,B
D000 T=A+:B0000000O000O

& A linear operator A : H — H is called self-adjoint
(0000) or Hermitian (0000 0) when AT = A.

Q Let {u;} be an orthonormal basis.
A = Zi,j Aij|ui>(uj| is self—adjoint iff Aij = Aji (D O
ooooo).

Q The eigenvalues of a self-adjoint operator are real.
0000000Aju) = Mu) = Mulu) = (u|Alu).
(ulAlu) = (ul ATlu) = (u|Alu). A
O (Spectral thoerem) A self-adjoint operator A :

H — H can be decomposed as

d
A= N ug) (),
=1

where {|u;)} is an orthonormal basis of H, and {A;}
are the eigenvalues of A.

0o0o0o0ooo0oogd »w0ooooo vioooo
D00 |¢) € VO [¢) € VA ODDODDO(W|Alg) =
nlg) =00000 At = A00000(g|A]y) = 00
O00O0AjY) eVifODOODOO A0 V4OOODO
000 V000000000004 :V;,--vt0o0
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Q If A is self-adjoint, (u|v) = 0 for any |u) € Ker A
and for any |v) € Ran A. (H = Ran A ® Ker A)
QO Suppose that self-adjoint operators A:H — H and
B:H— M satisfy AB = BA. Then, there exists an

orthonormal basis {|u;)} and
o d R d
A=Y Nlug)ugl, B =" Njus)uy]
Jj=1 j=1

00000000000000A0O0O0OOOODOOO
0 vi,w,...00000 W,V,...0 000 H =V
Wwe---aV, 000000000BO V,OOOOOOO
VkDDDDDDDDDDDDDDDDDDDMm)EVkIZI
|61y € Vi(k #£1) 0000 = (i|(AB — BA)|¢y) = (v —
vi)(1| Blo) 00 (1| Blow) =000 00 Blgy) € Vi
QO A linear operator T:H — H is uniquely decom-
posed as T = A + iB, where A and B are self-adjoint.
O000000A=(T+1T%)/20B = (T'-1%)/(2i)0

0000000 ) eHOOODO (¢|N|gp) >
0000000000N:H - HOOD
(positive) 0O ODOOON >00000
0ooo0

gbooogbogoboooobooooon
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& A linear operator N : H — H is called positive (O

0) or positive semidefinite when (¢|N|¢) > 0 for all

|¢) € H. We write N > 0 when N is positive.

Q Every positive operator is self-adjoint, and its eigen-

values are nonnegative. . . .
0000000000000 D0D0OD0O00 N=A+iB

oooooo (¢|N|¢))DDDDDD(¢|B|¢)):()DDD

O BIZIIZIDIZIIZIIZIDIZIIZIIZIDB_OIZI

e For every positive operator A:H — H, there is a

unique positive operator B:H —H satisfying B? =

A. We write \/_ .= B. . o

Q For any linear operator T : H; — Hao, T1T is posi-

tive.

° |T| =TT

P2—pPOO0O00O0O00OOOOOP:H—-H
000000 (projection) 0 000

gobobooooogbob 10

& A linear operator P : { — # is called (orthogonal)
projection (0000 O) when it is self-adjoint and

P2 =p.

TTt=7"T 0000000007 :H —4H
000 (normal) 0000000

gbogobogobooboobbonoon
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& A linear operator T : H — H is called normal when
TTt =T1T. .

Q A linear operator T' : H — # is normal iff it can be
decomposed as

d
T =" Ajluj)(ul,
j=1

where {|u;)} is an orthonormal basis of H, and {\;}
are the eigenvalues of T.

doooooooooooooooog
0000oToo00oo0oooooog B
oooQ

iB
=0

T=A+
A_AB

000000000000 Ulg)D Ul)yD o
0000 (¢)¢) 000000 (0000000

Ut =1000)000000:H —HO
OD000000 (unitary) 0000

UUt=10000
00000000000 000000000
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& A linear operator U from H; onto Hs satisfying

(U(z),U(y)) = (z,y) for all z,y € H; is called unitary

(0oooooo).

QO A linear operator U:Hy — Hyis unitary iff Ut =

1and UUT = 1.

e A linear operator U : H; — Ho satisfying

(U(z),U(y)) = (z,y) for all z,y € H; is called isom-

etry. . o

o A linear operator U : H; — Hs is isometry iff UTU =

1.

QO If H is finite-dimensional and U : H — H satisfies

Ut = 1, then Uis unitary. .
|:||:||:||:||:||:||:|U|¢>—0|:||:| lpy =00000U0O0

OO0dimKer U =000 00dimRan U = dim#0 00

OUoooooooov-'oooooooovutoo

god

Q Let {u;} be an orthonormal basis.

U= > Uijlui)(uj| is unitary iff

d d
ZUij_ik = ZU_kiUkj =0
k=1 k=1

foralli,j. (00DO0O0O)

@ A unitary operator U:H — H can be decomposed
as

d
ZA ug)ugls A =1

8

where {|u;)} is an orthonormal basis of #, and {\;}
are the eigenvalues of U.

{lu)}0000000000UCOO0O0O0
O0Ow):=0Ulu,) 0000{y,)}0000
oooo
000000000000 {|u))}0 {|v,)} O
O000O0Jw,):=Ulu,)0000000000
DUoooo

Q Let {u;} be an orthonormal basis, and U =
>_ij Uijlui)(u;| be unitary. Define

Z UZ] |ul

Then {v;} is an orthonormal basis.
Q Let {u;} and {v;} be orthonormal bases of H. Then,

there is a unitary operator U/ : # — H such that lv;) =
U|Uj>. R
00000000 =Y, v;){uy|0

vj) == U|“J

gboobobooooogoboo

O0000OONIN=NNOODOOOOO
000000000: A=AlD000oOo0
00000000000000000
0000000000000000000 10
0000000000 uUiU=00=1

QO (Polar decomposition (00 0) )
Any linear operator T : My — Hs is decomposed as
T =U|T| where U : H1 — M, is an isometry and |T'| =
VTiT is a positive operator. It is also decomposed as
= |T1|U with a positive operator |TT| = VTT'.
00000007T0000000000 =T|T]7'0
000 Utt=10000
& The eigenvalues of |T'| =
values (0O O) of T.

VT1T are called singular



6. Tensor product (00O 00)

oboooobobood0 H,0H OODODO O
oD Hy,eHO0OOO0DOOODOOO
gboboodobbooobooobooooo
god

) € Hi, ) € Ho DD OO @)@ |¢) 0 H1®
H,OOOOOOOOO

HiH,OOOODDODOODODOOOOO0ODOOOo
000000000 H,@H,0000000
DDDDDD|¢]'>€%1D|’¢}j>€%2|]0éj€(c
000 Y ai0é)) @ 1) € Hi @ Hol

00000000000000000000
00000000000000000000
000000000000 O00000

19) @ (|¢) + |¥') = |8) ® [¢) + |¢) ® |[¢)
(I6) + 1) @ |[¥) = |#) @ |[) + [¢) @ [¢))
a(|) ® [¢)) = (alg) ® [¢) = |¢) ® (afy))
D000eOIDOOODODOO0O
00000000000000000000
00000000000 |¢)ew) 0 |¢) @)
000000000000H, @K, 0000
ooooooo |@),.0000000

00 0000 ||y, 00000
0000 |¢¢),,000000000
00000000000000O0O0O
0000000000 |),®|¢), OO0
0oo

e Let V be a linear space and R be a subspace of V.
For x € V, the set S(z) := {z+y :y € R} is called a
residue class (0O 0O) .

oIfx—12' € R, S(x) =S(z).

Ifz—2'¢ R, S(z)nS(z') =0.

e The set of all residue classes forms a linear space
by defining the sum and the scalar product as follows,
which is well-defined.

S(z) + S(z') == S(z + ')

aS(z) := S(ax)

This linear space is denoted by V/R and is called a
quotient space (0O O) .

e (Tensor product of linear spaces) Let Vi and V, be
linear spaces. Let F' be the linear space whose basis
is Vi x Vo := {(z,y) : ® € Vi,y € Va}. Let R be the
subspace of F' spanned by the elements of the following
forms:

('T+'Tlay> - <$7y> - <xlay>7 (l“,y +yl> - <l',y> - (xayl>7
(Oé{l?,y> - Oé({l?,y>, <§17,0éy> - Oé({l?,y>.

The quotient space F'/R is denoted by V; ® V5 and is
called the tensor product of linear spaces V; and V5.
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e When z € V] and y € V;, z®y represents the element
of Vi ® V5 that is the residue class including (z,y).
OQ+2)ey=zy+2' vy,

R y+y)=z0y+zoy,

(ax) @y =2 (ay) = a(z @ y)

gboboboooobbbooooobobo

0o D|@'>12 = |¢’>1®|¢’>2D |@>12 = |¢’>1®
|¢>2DDDDDDDDDDDDDDDDDD
Odo0oooooooobooogooogno
12(0'[0)12 = 1(¢'|d)1 X 2(V'[1))2
O0o0Oodo0oopooooobooogogoono
D00 [0 == 38l ® )2 O
O)12 == 3 il ® Juyy) 000 000D
oogopoogogno o

1200'|©)12 = D7 Brayj 1(04 1001 2(V[))2

o Let H; and Hs be Hilbert spaces, and define F' and
R as above. Define a map (+,-) : FF = C by

((z,9), (2',y") = (z,2)(y,9'),

(a,b) = (b,a),

(a,b1 + b2) = (a,b1) + (a,bg),

(a,ab) = a(a,b),

where z, 2" € H1, y,y' € Ha, a,b,b1,bs € F.

Ifa—a' € Rand b—V' € R, then (a,b) = (a’,'). Thus
we can define (+,+) : H; @ Ha — C.

o (p,¢0) > 0 forall ¢ € Hy ® Ho. If (¢,¢) = 0, then
¢ =0. Thus (-,-) is an inner product.

V@oy s y)=(z,2)(yy)

& (Tensor product of Hilbert spaces) We define H; ®
Hs to be F/R with the inner product (-,-) defined
above. It is called the tensor product of Hilbert
spaces H; and Hs.

&y € Hi ® Hs is often written as |z); ® |y)o,
|[z)1]y)2, or [zy)io.

{|Ui>1}i:1,2,...,d1 0 Hl gooooooog
{|Uj>2}j:1,2,...,d2 0 HQ gdoooooood
gad

{lui)s ® |v)atizi 2, disj=1,2,..d

OH:H U0O0ODO0ODO00oon
guodoouoboobobobbboboododad
dim 7‘[1 &® 7‘[2 = d1m’H1 dlmr]'[g

© When {u;} and {v;} are orthonormal bases of #;
and Hs, respectively, {u; ® v;} is an orthonormal basis
Of 7‘[1 ® 7‘[2. lelHl [024] H2 = d1m’H1 leng
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A:Hy—>HOB:H, »H, 0000
0O00oooooo0oon
A®B:7‘[1®H2—>7‘[’1®HIQ

00 . ) )

(A® B)(|9)1 ® [1)2) = Al¢)1 ® Blt),
00000000000 Y a0é)1® [¥;)s
000000000A@BOOODOOOOO
DO00O00O0o0ooon)

DOA:H, —H,0yp|:H, —COODOD
A®2<¢|ZH1®H2—>H'1D

(A@2(8))(18)1 ® [¥)2) = Alg)1 x 2(B|1))2
godoood

A9l Hi9oH > H,@H ODOODODODO
A0DDODODOOO0OOODOOOOOOOOO0
000000000000 00000000
00000000000 O0O00

& For A:Hy —» H} and B : Ho — Hb, we define
a linear operator A ® B : H1 ® Ho — H| ® H) by
(A ® B)(|oh @ [¢)2) = Alg)1 ® Blyp), and requiring
the linearity.

& A®1:H @H — Ha®@H is sometimes denoted just
by A.

|

A

oooooooo
+B)=A®B+AQDB
aB) = a(A )

®
1

® ® O

~

®
Bf

)T At
-»%U§:%y+%;
— MY, D:Hy = H)

:H
H/
000

(Co®D)(A® B)=CA® DB
(0000000000000000000
000000 (DeC)(AeB)0D00DO
00000000000 CAeDBOOOND)

I:IQ IJ>> ok s
®

O0000000Q: M, ®@Hy — Hy @ Ho
00000000000000000000
Q:ZjajAj@’Bj
(Aj1%1—>H1DBjIH2—>%2DOéjEC)
00000000000000000000

gobooo
gobobooboobobooboboonog

Aluyy = AMun0 Blv)y = v|v), 00

(A® B)(Ju)1 @ [v)2) = Av(Ju)1 ® [v)2)
goooooooooooooooooood
goooooooooooooooooood

gbogobooobooboobbobon
gobooo

O For A:Hy =M}, B:Hy —»H), C:H,
D:Hy — H,

(CoD)YA®B)=CA® DB
Q Let {|u;)1} and {|v;)2} be orthonormal bases of #;
and H,, respectively. Any operator Q acting on H; ®
H> is decomposed as
Q=3 0 Qiirgrlui)t @ [v;)21 (uir] @ 2(vy|
=D Qm i |wid i (ir | @ o)z (vje .
O (Ae B)t = At @ Bt
@ The tensor product of self-adjoint operators is self-
adjoint.
Q The tensor product of positive operators is positive.
@ The tensor product of unitary operators is unitary.

— H{, and



7. Trace (0O 0OO)

D000 A:H—-HOODOOODOOO

Pﬂg

uJ|A|U’J
7j=1

0 ADDDO0DOO0DO000O0O0{|u)}10..
OHX000000000000000000
00000000000000000000
00000000000

0000000000000000
Tr(aA + B) = oTr(A) + 8Tr(B)

B:H, »HO0C:H, —»H, 0000

—~
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O For T: H — M, ||T||1 = max{Tr(TV)|V is umtary}

0000000|T(TV)| = |Te(|T|0V)] < Te|T| O
ggo

& Let A :H — H be a linear operator acting on a
Hilbert space H. We define the trace of A by

MR

“J|A|“J
j=1

for an orthonormal basis {|u;)}j=12,...,4 of #. This
definition is independent of the choice of the orthonor-
mal basis {|u;)}.

© The mapping A Tr(A) is linear.

@ForB Hi — Ho and C : Ho — Ha,

Tr(BC) = Tx(CB).
© Tr(|a)(®]) = (bla)
O Tr(A) = Tr(UTAU) when U is unitary.

O Tr(A ® B) = Tr(A)Tx(B)
O Tr(Af) = Tr(A)

& For a linear operator T', ||T||, := Tx|T| = TeV/THT
is called the trace norm of T.

@ When A is a normal operator with the eigenvalues

G 1Al =325 11

Qap: Ha®Hp > Ha®Hp 00000000
00000000000 Tre(Qag) : Ha —
#,000000000000000000
ooooo -

Trp(Qa® Qp) = [Tr(@5)]Qa

0000000000000 00ooooQg
DDDDDDDDDDDDDDDDDDDDD

Qap = EZQA®QBDDDDDDDDD

Trp(Qap) = 32; Tr(QF)QY

{|vj>B}j:1,2,... |:| HB |:| |:| |:| |:| |:| |:| |:| |:| |:| |:|
0o

TrB(QAB) = Zj B(Uj|QAB|Uj>B

oodooooooooooooooonon
TI'[TI'AB(Q{!B)]:TI'(QAAB)

TYB(QAB@A) = TI'B(Q:ABA)RA
Trp(QapRp) = Trp(RpQas)
Trp(Q'p) = [Trp(Qas)]!

Q.00000000000Trs(Qap)00
0oooooo

QuU000000000Tre(Qap) 0000

goo

& Consider QAB Ha®@Hp — Ha®Hp. We define a
partial trace (D00 O0OO0O) of QAB, TrB(QAB)

be a linear operator acting on H 4 determined by the
following conditions:

(1) The mapplng QAB — TrB(QAB) is linear.

() Tr5(Qa © Q) = [Tr(Qn)Qa.

O Trp(Qan) = 32, B(vj|Qaplv;)p for any orthonor-
mal basis {|v;)g} for Hp.

@ TI'[TI“B(QAB)] = Tr(QAB)

v TI“B(QABI?A) = TrB(QAq)RA
v TFB(QABRB) = Tl“]g(RBQAB)
© TFB(QAB) [Tre(Qas)]f

Q If QAB is self-adjoint, TrB(QAB) is self-adjoint.
Q If QAB is positive, TrB(QAB) is positive.



