Appendix: Linear algebra ] [0 Masato Koashi

1. Complex linear space (00 OO0O00)

C: The set of complex numbers (00O O00)
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& A complex linear space [a linear space over C (C
O0O0O0O00), avector space over C (COODOOO
00)]is aset V with the following operations,
esum (0): a+beV (a,beV),

e scalar multiple (00O 0ODO) :
ac eV (e C,aeV),

which satisfy the properties i)— viii).
ya+(b+c)=(a+bd)+c

ii) zero element (O O)

0eV;YaeVa+0=0+a=a

iii) inverse element (O O )

VaeV;x(=t—a)eViatz=2+a=0

iv)a+b=b+a

& Elements of a linear space is called vectors.
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& A subset of V' is called a subspace (0 00O ) when
it is a linear space itself.

¢ Any nonempty subset of V' which is closed under
addition and scalar multiplication is a subspace.

© An intersection of subspaces is a subspace.

Basis (0 0) and dimension (0 0)
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a = o101 + Qg + - - - A ay,

Sapt O

000 {ai,a,...,a,}) 000000000
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000 {a,as,...,a,} 000000000
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000 {a,as,...,a,} 00000
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& We say a subset A C V is linearly independent
(D000) when

[e7S (C(j = l,k), {bhbz,..
a1by + agby + - agbr =0
= (a1,a2,...,a;) = (0,0,...,0).
& We say a subset A C V is linearly dependent (O
000) when it is not linearly independent.
O A C V is linearly dependent iff
Ik >1;3;(#£0)eC(i=1,...k),
EI{bl, b2, ey bk} - A;
a1by + agbs + - - - agby, = 0.

by CA;

e The intersection of all the subspaces including a set
A C V is called the span of A (or the subspace gener-
ated by A).
Q A vector b is in the span of A iff

ak; 3Oéj S C7Hbj S A(] =1,.. k‘),

b= aib1 + agsby + - - aiby

(We say b is a linear combination (0 O00O0O) of
A in this case.)
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& A linearly independent set whose span is the whole
space V is called a basis of V.

¢ When B is a basis of V, any element a € V is
uniquely decomposed as

a:a1b1+a2b2+“‘0¢kbk

[a; € C,b; € B(j =1,...k)].
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o Every linear space has a basis.
¢ For any linearly independent set A of vectors in V,
there exists a basis B of V including those vectors (A C
B).

0000000A0ODOO0OODOOUOO (DOOOO
0000)0000+000000000 AODODOOO
00 A+{»}000000000000000O00O0O0
000000000 (@Co0ooo0oUooooOoooo
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Q All the bases of a linear space V have the same

cardinality (0 0O) .
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& The cardinality of a basis of V' is called the (Hamel)

dimension (O 0) of V (denoted by dim V).

& When dimV is finite, we say V is finite dimen-

sional (DOOO) .

e When dim V is infinite, we say V is infinite dimen-

sional (DOOO) .
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O If

i) V is the span of A,

ii) B C V is linearly independent,
then |A| > |B|. (]X] is the cardinality of a set X.)

n:=|A00000000000000B|>n+1
00000000000 BOOOOOOOO0O0OOO
afulululalululs;

00BOOO b 0000A+{h}0000000{b}0
000000000000AD0000 000000
» 000000000000 00000000e, 000
0000000000000000000A44{b1}—{a1}
00000VOO0O000000000

00BOOOOO b,0000A—{a}+{b1,b,} 00
00000{b,b,}0000000000000A—{a;}
00000 000000 by,,000000000
00000000000e 000000000000
0000000000A+ {b1,bo} —{a1,a,} 0000
0vOoOoOoOoOoOoOooo00

00000000 »0000000{by,bs,...,ba}0
0000 VOOOO0O0O0000{by,ba,...,bnbpg1} 0
000O00BOOOOOO

2. Inner product space (JO0O0)

0000000 w,o0000000 i)-v) O
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000000 )+Hi)0D000000ooooo
(va,b) =a(a,b) 0000

000000000000 (e,0)00000
0000000000000 600000
00000000000000000000
00000000

00000000000000000000
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& An inner product space is a linear space V over
C together with a map (+,-) : V. x V — C called inner
product (O 0) , satisfying

& When (a,b) =0, we say a is orthogonal (0 0) to
b (b is orthogonal to a, a and b are orthogonal to each
other).

& When (a,b) # 0, we say a and b are nonorthogonal
(0DO00O) (to each other).



& |la|| := /(a,a) is called the norm (0O 0O) defined
by the inner product.
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& A subset X of an inner product space is called an
orthonormal set (JO0O0OO) when for any a,b €
X

9

i) (a,0) =1 ([lal] = 1),
ii) (a,b) =0if a #0.

Q An orthonormal set is linearly independent.

¢ (Gram-Schmidt orthogonalization (00 0) )
Suppose that {a1,as,...,an,...} is linearly indepen-
dent. Define

vy =ai, up=wvi/[vi

V2 = a2 — (Ul,a2)u17 Uz = U2/||U2H

n—1
Un = Ap — Z(uk;an)uka Up = Un/”vn”»
k=1

which is well-defined since all v; # 0.
For every m, {u;}7L; is an orthonormal set and its
span is the same as that of {a;}7.,.

0000000000000
|(a,b)| < [|all[]
000e0b00000000000000
000

¢ (Pythagorean theorem) Let {ui,...,u,} be an
orthonormal set in an inner product space V. Then
forall a € V,

n 2

lal* =" (ur, a)* +

k=1

n
a— Z(uk, a)uy
k=1

o (Bessel’s inequality)
n
lal® =" [(ux, a)|?
k=1

© (Cauchy-Schwarz inequality)

(@, b)] < la]l][2]

The equality holds iff {a, b} is linearly dependent (b =0
ora=ab, a €C).

b#A#000000000000DOOOOO0OODODOO
goood

2
_ Ha||2 _ |(a’b)|2

1612

(b,a)
a— b
H 15/

o |la|| ;== +/(a, a) satisfies

i) [a||=0if a=0
i) [laall = laf o]

iif) [ja -+ b|| < ||a] + |7

Every inner product space is a normed linear space (O
0000) with the norm ||all.

o d(a,b) := ||a — b|| satisfies
i) d(z,y) =0if z =y
ii) d(z,y) = d(y, )
i) d(z, z) < d(z,y) + d(y, 2)

Every inner product space is a metric space (0 000 )
with the metric (000 O0) d(a,b).

3. Hilbert space (000 0000)

00000000000000000000
0oooo

(000000000000 (00)0000
0000000000000000)

e We say a normed linear space V' is complete (OO )
when

|xrn — Zm| = 0(n, m — o)
= limx, =2z €V

e A Hilbert space H is an inner product space that
is complete with respect to the norm defined by the
inner product.

Q If an inner product space is finite dimensional, it is
a Hilbert space.
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lall* = [(uj, @)
j=1
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& If S is an orthonormal set in a Hilbert space H and
no other orthonormal set contains S as a proper subset,
then S is called an orthonormal basis (00000
O) (or a complete orthonormal system (O OO
0000) ) of H.

o Every Hilbert space has a basis.

¢ For any orthonormal set A of vectors in a Hilbert
space H, there exists a basis S of H that contains A
(AcCS).

O Let S = {ux}rea be an orthonormal basis of H.
Then, for each a € H,

a= Z(u,\,a)uA

A€EA

QO (Parseval’s identity)

lall* =" [(ux, @)

AEA

© All orthogonal bases of a Hilbert space H have the
same cardinality.

& The cardinality of a orthonormal basis of a Hilbert
space H is called the (Hilbert) dimension (0 O) of
H (denoted by dim H).

O When the Hamel dimension is finite,

Hilbert dimension = Hamel dimension.

¢ When the Hamel dimension is infinite, the Hilbert
dimension is infinite and

Hilbert dimension < Hamel dimension.

e We say a Hilbert space is separable (O O ) when it
has a countable orthogonal basis.

4. Linear operators (0 0000)

In the following, Hilbert spaces (H,Hj, ..
sumed to be finite dimensional.

.) are as-
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O00000000oogoo (1)oooooo
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000000 CO000 (o,8):=@p000
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T:-H - H,00000H, 000000
KerT:={zx € H,:T(x) =0}

O kernel(0)0D000H, 00000
Ran T :={T(z) : x € H,} O

O range(00) 0000

range OO0 7T0000OOOOO

dim(Ker T') 4+ dim(Ran T") = dim #,4

& We say a mapping T : H1 — Hs is a linear opera-
tor when

T(aa + Bb) = oT'(a) + BT(b) (1)

for all o, 8 € C and a,b € H;.

Q C is a Hilbert space of dimension 1 with the inner
product (o, 8) :=@p.

& A linear operator f : H — C is called a linear
functional (0O O O0O) .

& For a linear operator T : Hi — Ho,

e The subspace of Hy, Ker T:={z € H; : T(z) =
0}, is called the kernel (O) of T.

e The subspace of Ha, Ran T := {T'(z) : x € H1},
is called the range (O O) or the image (O) of
T.

e The dimension of Ran T is called the rank of T.

e The operator norm of T : H; — Ho is defined as

IT@)) = sup L@

7)== sup
x€H1:x#0 H.I'H

xE€H:||z]|=1



o T (@)l < [T[/]l]]-

e For A C H, we define the subspace At := {z € H :
Va € A;(a,z) = 0}.

o AC B= At > Bt

o (AH)t o A

©oACBt=A'>B

e When A is a subspace of H, we say A is the or-
thogonal complement (00O O00) of A.

o When A is a subspace of H, AN A+ = {0}.

o (Projection theorem) When A is a subspace of H,
every © € H can be uniquely written as z = z + w
where 2 € A and w € A+, (H =A@ AtL)

o When A is a subspace of H, dim A+dim A+ = dim .
o When A is a subspace of H, (A1)1 = A.

Q Suppose that dim H; = d. For every linear operator
T:Hi — Ho, dim(Ker T') + dim(Ran T') = d.

0000000 KO0OO0OOOyO00O0O000
D0002zeXO0000000 (y,2)000
000000000000

00000000000 f:H—CO000
D000y, eXO0000 f(z) = (yy,2) 00
00000000y 0000000 (00
0000)0

© (Riesz lemma) For each linear functional f : H —
C, there is a unique yy € H such that || f|| = |lys]| and

f@) = (ys,@).

oooodddyy,000000000000000

{u;} 000 0y; =3, fluy)u; 000000000y,
O f(z) = (y};,2) 000000000z :=y; -y, 00
O00zeHODOOO (s,2)=0000000000
gobooboo z0 =0000

e The set H* of all linear functionals f : H — C is
called the dual space (0O 0O0) of H.
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00000 70000000007000
00000000000000000000
D00000000000000007T ()0
000000 Te)0000U(T(x)) 000
UT|z)0000

00zeH0000000 (y,2)00000
00000 00000000000000
ooooo

00 (y,2)00{yz) 00000000 (y| O
z)000000000000000

00 (y, T(z)00 (yT]z)0 0000

00|z (y 00000 200000000
I2)(ylz) 00000000 (yz) 00000
00000000000000000000
2)(y|0 H—»HOO00000000000

& Dirac notation

a € H is denoted by |a), called a ket vector.

(a,-) € H* is denoted by (a|, called a bra vector.

The inner product (a,b) is denoted by (al|b).

We often denote a linear operator with a hat (),
like T: H — H.

Tla) :=T(a).

(b|Ta) = (b,T(a)).

A ket vector |a) can be regarded as a linear operator
T, : C — H, defined by T,(a) := a|a) for a € C.

|a)(b] is a linear operator : H — H.

(la)(@])]c) = (b, c)a

{uy,...,ug} 0 HOOODOOODOOOOOOO

d

> Jug)(uy] =1

Jj=1

DO00000oOooloooood (0Doog
O0000000)0ooooooogd Com-
pleteness (closure) relation 0 0 0O O
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d d

(clA[b) =D > (elus) (wil Alu) (u[b)~ (2)

i=1 j=1

O (Completeness relation, closure relation)
When {|uy), |us), ..., |ug)} is an orthonormal basis,

d
> fug)uy] =1,
=1

where 1 is the identity operator (JO OO O) .
00000o0ooo0oooooo |¢gy0oo0ooDooo
6) = 39, luj){u;l¢) 0000000000000 00



0000
HOOODOO0O {u,..
00000000

pOOO0OD0dO00000000 (0, ;000
bj = (u;b)) D00 DDOODO) =3, biluy)

(c|ODODOO0OdOOODOODOOO(OD¢ODOO
¢ = (clu;)) 0000000 (c] =, ci(ul

A:H—-HOOODOdxdODO [(4,7) 000
A= Zzg Agjlui) (uy
00O00(cAlp) =3, ,¢A;0, 000000
D00000000000000000

Lut000000

O (Matrix representation)
Fix an orthonormal basis {u1,...,uq} for H.
ket |b) = b; := (u;|b) (column vector)

b) = >_,; bjluy)
bra (c| = ¢; := {(c|u;) (row vector)
(e =2, cifuil

operator A = A;; == (u;|Alu;) (d x d matrix)
A=325 Ajlua) (uy]

00000 A:H —»H,DODO000D0ODOO
xG?—[lDyE’HgDDDDD

(A¥(y),z) = (y, A(2)) (3)

000000000000 AT :Hy, —»H, 00
000000000000000000 ATO
AODDD0DOOO (adjoint) DO OO

00000000000000000000
000000 (Aht = A0

(A+ B)t = At + BIO
(BO)'=CtBIDOOOOOO

0000000 |@)00000 8eCO000
000 Bl eX0D0D0DOOOOOOOC—
HO0OO00000000000 (Ja)f = (a0
0D0000000000000000000
0oo

000000003 eCOOO0OOODO
afeCOO0DDOOOOOOC—COOO
0000000000(w)=ad000000
0000000000000

00000 A'0000000
(1,)OOOODOOODOOOOOOO

(uil Afluj) = ((ui] ATju;))t

= ([l VAN (i)t = (uy] Alws)
O0000ADODOOOO (4,)0000000
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QO Let A : Hi — Ho be a linear operator. There is a
unique linear operator At : Ho — H; satisfying

(A(y),z) = (y, A(z))

for all 2 € H, and all y € Ho. Al is called the (Hilbert
space or Hermitian) adjoint (00O O0) of A.

o II4f]| = 4|

o [|ATA] = [|A]?

O ANT=A

O (A+B)t =AM+ BT

O For B:Hy — Ha and C': Ha — Ha,

(CB)t = BtCHT.

O (|a))" = (al.

(Regard a ket as an operator |a) : C — H.)

0 ()t =@

(Regard a complex number as an operator o : C — C.)
Q (c|AJb) = (b Af|c).

VA=Y, Aijlui)(uy| & AT =37, - Ajilui) (u]
(Transpose (0 O ) and complex conjugate (00O 0) )

0000000000
D000a,B,...

0000 |a),[b),...

000 {al,{b),...
OooOoO A, B,...
00000000 adjoint(t)

adjoint 00O O0OO0DOOOOOODOODOOO
gbobooogoood

oboobooobooooboobobooooog
oboboooooooboboooobobooobobooooboo
ooo

(Jla)t = (al, (0)f =@

X,yoooooooooooooooooooooo
ooooooo

(XN =X

(X+YV) =xt4vt

(xY)t =vtxt




5. Normal operators (0000 0)

Al=A000000000A:H—-HOO
000 (self-adjoint) 0000000000
goobooon
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0000000 ADOODDOODOODOO
{u,...,ug} OO0ODOODOOOOOOOOO
0000

A= 300 Aluy) (]
00000{\,...,A 000000000
0oooo)

O000000d kerneld ranged 00000

0000000 A,BOOO ([4,B] := AB—
BA=0)000000000000O0000O
ooooo

D00000007T000000000A,B
D000 T=A+B0O00000O0OO0OO

& A linear operator A : H — H is called self-adjoint
(0000) or Hermitian (0000 0) when AT = A.

QO Let {u;} be an orthonormal basis.

A = Zi,j AZJ|UZ><U]| is self—adjoint iff Aij = Aji (D O

ooooo).

O The eigenvalues of a self-adjoint operator are real.
0000000Alw = AMu) = Mulu) = (u|Au).

(ulAfu) = (ul A} = {ulAlu). A

QO (Spectral thoerem) A self-adjoint operator A :

H — H can be decomposed as

d
Z/\ |us){usl,

where {|u;)} is an orthonormal basis of H, and {\;}
are the eigenvalues of A.

0000000000 », 000000 V0000
D00 |¢) € ViO |¢) € 1 0OD0O(W[Alg) =
n{plg) =00000 At = A00O0O (g|A]yp) =00
O00D0AjY) eVif 0000000 ADV{40OOOO
000 Vi-000000O0O0000A: V- —-viioo
000000000000 0000 » 0000000
Doooooo

O If A is self-adjoint, (u|v) = 0 for any |u) € Ker A
and for any |v) € Ran A. (H =Ran A @ Ker A)

© Suppose that self-adjoint operators A:H — H and
B:H—H satisfy AB = BA. Then, there exists an

orthonormal basis {|u;)} and

d
ZAWJ (ujl, B= ZA|UJ (]

0000000000000 0AO0O0OODOOOO
0 v,ve,...00000 Vi,V,...0000 H=V&
VLe---eV,, 000000000B0O V,O000000DO
VkDDDDDDDDDDDDDDDDDDD|¢k>er
|60) € Vi(k #1) D000 = (4i|(AB — BA)|¢y) = (v —
vi) (1| Blow) 00 (1] Blow) =00 000 Blgy) € Vi
O A linear operator T:H — H is uniquely decom-
posed as T'= A + iB, where A and B are self-adjoint.

0000000A=(T+1"/20B=(T-17)/(2i)0

0000000 |¢) e HOODODO (¢|N|g) >
0000000000 N :H —» H OO0
(positive) DD ODOOOON >00000
ooooQ

gboogobogbbodgboooooon
gooo

0000000070007 >0

& A linear operator N : H — H is called positive (O

0) or positive semidefinite when (¢|N|$) > 0 for all

|¢) € H. We write N > 0 when N is positive.

Q Every positive operator is self-adjoint, and its eigen-

values are nonnegative. . A A
000000000000000000 N=A+1iB

000000 (¢|N|¢) 000000 (¢|Blg) =0000

0 B00000000000B =00

e For every positive operator A : H — H, there is a

unique positive operator B : H — H satisfying B? =

A. We write \/Z .= B. A o

Q For any linear operator T : Hy — Ha, TTT is posi-

tive.

o |T|:=VTTT

P2—pPOO0000O00O0O0OOP:H—-H
000000 (projection) 0000

gbobobooodgobon 10

& A linear operator P : H — H is called (orthogonal)
pro_]ectlon (00000) when it is self-adjoint and
P2 =p.

Tt =7TtT0000000007T:H > H
000 (normal) 0000000

goudgbouogboogboobboobon

HEN




& A linear operator T : H — H is called normal when
TTt =TT, .

Q A linear operator T : H — H is normal iff it can be
decomposed as

d
Z)‘ |uj) (usl,

where {|u;)} is an orthonormal basis of #, and {\;}
are the eigenvalues of T.

vboboooobooooooooog
000007 000000000000 B
good

/Al—l—zB

A-AB=

000000000000 Ulg)D Uly)00
D000 (¢py) 000000 (0000000
UtU=1000)000000U:H —-HO
0000000 (unitary) 0000
UUt=10000
D0000000000000000000
D00000000000000100000

gbouogbooboobobobboobod
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& A linear operator U from H; onto Ho satisfying

(U(x),U(y)) = (x,y) for all z, y € H; is called unitary

(0oooooo).

© A linear operator U : H1 — Hy is unitary iff Uto =

1and UUT = 1.

e A linear operator U : H; — Ha satisfying

(U(x),U(y)) = (z,y) for all x,y € H; is called isom-

etry. . o

o A linear operator U : H; — Hs is isometry iff UTU =

1.

O If H is finite-dimensional and U : H — M satisfies

UtU =1, then U is unitary. .
DDDDDDDUM)-ODD lp) =00000U00

OO0dimKer U =00000dimRan U = dim #0000

OUoDooooooovu-tooooooooutoo

goo

QO Let {u;} be an orthonormal basis.

U= >_i; Uijlui)(uj| is unitary iff

d d
Z UirUs, = Z UriUpj = 6; 5
=1 =1

forall,j. (00D000O0O)

O A unitary operator U : % — # can be decomposed
as

d
Z/\ luj) (usl, [Ajl =1

8

where {|u;)} is an orthonormal basis of #, and {\;}
are the eigenvalues of U.

{(u)}0000000000UDDO0O00O0
O000w,):=Ulu,) 0000{jy,)}0000
oooo
000000000000 {|u))}0 {|v,)} O
O0000w,):=Ulu,) 0000000000
D0Uoooo

QO Let {uj} be an orthonormal basis, and U =
>_i; Uijlui)(u;| be unitary. Define

Z U’L] ‘ul

Then {v;} is an orthonormal basis.
Q Let {u;} and {v,} be orthonormal bases of #. Then,

there is a unitary operator U : H — H such that |v;) =
U|UJ> .
00000000 =Y, |v;)(u]0

v;) = Uluy)

gboboboogobood

O0ODOO0O0ONN=NNODOOOOoOoOo
0ooooo0ooo0: A=Al0000000
0o0o00000000000o0oo
0000000000000000000 10
000000000000 =00"=1

O (Polar decomposition (00 0) )
Any linear operator T :Hi — Hyis decomposed as
T = U|T| where U : H1 — Ho is an isometry and |T'| =
VTT is a positive operator. It is also decomposed as
= |TT|U with a positive operator |TT| = V/T'T'.
000000070000000000U="|T"'0
000 UtU=10000
& The eigenvalues of |T| =
values (OO 0) of 7.

VT1T are called singular



6. Tensor product (00O O0DO)

gbbooobbod H, 0 HOO0O0DOO
obodb0 H,oH.0OO00D0O000000
gbogobodgbobbooboobbod
gog

9) € Hi, [¥) € HaOO OO @) 0 H1@
H, 000000000

H,@H, OOOOODOOOOOOOO00oo0O0
000000000 H,9H.0000000
DDDDDD’¢j>EH1D|w]’>GHQDOCJ'E(C
D00 >, a4¢) @ [¢y) € Hi @ Hol

00000000000000000000
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e Let V be a linear space and R be a subspace of V.
For x € V, the set S(x) :={x+y:y € R} is called a
residue class (0O 0O) .

oIfx—a' € R, S(z) = S(z').

Ifoz—2' ¢ R, S(x)nSa’)=10.

e The set of all residue classes forms a linear space
by defining the sum and the scalar product as follows,
which is well-defined.

S(x) + S(z') == S(x+ )

aS(x) := S(ax)

This linear space is denoted by V/R and is called a
quotient space (0OO) .

o (Tensor product of linear spaces) Let Vi and Va2 be
linear spaces. Let F' be the linear space whose basis
is Vi x Vo := {{x,y) : « € Vi,y € Vo}. Let R be the
subspace of F' spanned by the elements of the following
forms:

<$—|—.’L‘l7y> - <$7y> - <J)/, ZU>7 <xay+yl> - <.’E, y> - <.’17, y/>a
<OLI, y> - Oé<93,y>, <I7O[y> - O[<CC,y>.

The quotient space F'/R is denoted by V7 ® V5 and is
called the tensor product of linear spaces V7 and V5.

9

e When z € V} and y € V, x®y represents the element
of V1 ® V3 that is the residue class including (z, y).
O@@+r)oy=r0y+a’®y,
zRyY+y)=ry+zeYy,

(az) ©y =2 @ (ay) = a(z ®@y)

gbbbooobobbboooobbobdad

ooo ’@,>12 = |¢/>1®|¢,>2 0 ’(9)12 = |¢>1®
), 00000000000 0000000
godooodooooooooooood
12(0'[0)12 = 1(¢'|P)1 X 2 (Y [th)2
ooodooooooooooooooogn
D00 [©)2 = > Bklép) @ [t)2 O
©)12 1=, q5[¢5)1 ® [¢;), OOODODOODO
pobooooo

12(0'[©)12 = D Brrj 1{0] @)1 2(|95)2

¢ Let H; and Hy be Hilbert spaces, and define F' and
R as above. Define a map (+,-) : FF — C by

((z,9), (", y) = (2, 2")(y,"),

(CL, b) = (b7 a>7

(a,b1 + bg) = (CL, bl) + (a, bg),

(a7 ab) = O‘(a7 b)a

where z, 2" € Hi, y,y' € Ho, a,b,b1,b5 € F.

Ifa—a € Rand b—V € R, then (a,b) = (a’,V'). Thus
we can define (+,-) : Hy @ Hy — C.

o (¢,¢) > 0 for all ¢ € H1 ® Ha. If (¢,¢) = 0, then
¢ = 0. Thus (-,-) is an inner product.

Oy’ ®@y)=(z,2')(y,y)

& (Tensor product of Hilbert spaces) We define H1 ®
Ho to be F/R with the inner product (-,-) defined
above. It is called the tensor product of Hilbert
spaces H1 and Ho.

& Ry € Hi ® Ha is often written as |x); ® |y)a,
[2)1ly)2, or [xy)1a.

{’ui>l}i:1,2,,..,d1 O Hl oooooooon
{’Uj)g}jzlg’m,dQ O HQ godpoogooogoono
oono

{lui)1 @ [vj)atiz12,. drij=12,...ds

OH,H OOOOOOOooooo

guoooooooobbbbbooodgd
d1mH1®H2:d1mH1 d1m7—[2

O When {u;} and {v;} are orthonormal bases of H;
and Ho, respectively, {u; ® v;} is an orthonormal basis
of Hi ® Ho. dimH1 ® Ho = dim H; dim Hos.
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& For A: Hy — H} and B Hy — HY, we define
a linear operator A ® B : H; ® Hy — Hi @ Hb by
(A® B)(6)1 @ [9)2) = Alo) © Bl)s and requiring
the linearity.

& AA® 1:H1RH — Ho ®H is sometimes denoted just
by A.
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AJu)y = AMu),0 Blv)y = v|v), 00
(A® B)(lu)r @ [v)2) = Av(|u)1 @ [v)2)
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O For A:Hy — M), B:Hy — Hb, C: H) — HY, and
DMy — MY,

(C®D) Ao B)=CA® DB
Q Let {|ui)1} and {|v;)2} be orthonormal bases of H;
and Hs, respectively. Any operator Q acting on H; ®
Ho is decomposed as
Q=22 .0 Qijaryr[ui)1 ® |vj)a1(uir| ® 2(vy|
=i gy Qiggr|ui)11(up | @ |vj)az(vy].
O (Ao B = Al o Bl
Q The tensor product of self-adjoint operators is self-
adjoint.
Q The tensor product of positive operators is positive.
Q The tensor product of unitary operators is unitary.



7. Trace (0O 0OO)

O00A:H—-HOODODOODODOOO

M&

u]‘A’u]
7j=1

0 ADDO0OOO0O000000O{u)}1a..
0OHX000000000000000000
00000000000000000000
00000000000

0000000000000000
Tr(aA + pB) = aTr( )+ 5Tr(B)

—~
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Q For T : H — H, |T||; = max{Tr(TV)|V is unitary}
0000000 T(TV)] = |Tx(|T\0V)| < Tx|T| O
ggg

& Let A : H — H be a linear operator acting on a
Hilbert space H. We define the trace of A by

d
Z UJ‘A|UJ

Jj=1

for an orthonormal basis {|u;)}j=1,2, . .4 of H. This
definition is independent of the choice of the orthonor-
mal basis {|u;)}.

Q The mapping A Tr(A) is linear.
@ForB Hi1 — Ho and C : Ho — Ha,
Tr(BC) = Tr(CB).

© Tr(la)(b]) = (bla)

QO Tr(A ) Tr(UTAU) when U is unitary.
O Tr(A® B) = Tr(A)Tr(B)

O Tr(A) = Tr(A)

& For a linear operator T, |||, := Tx|T| = TrvV/ 11T
is called the trace norm of T.

© When A is a normal operator with the eigenvalues

{d 1AL =325 11,

Qap: Ha®Hp — Ha®@Hp 00000000
00000000000 Trp(Qap) : Ha —
H,000000000000000000
ooooo o

Trp(Qa ® Qp) = [Tr(Qp)Qa

00000000000000000000
Jop00pan0non00no0000o0

Qap = EZQA®QBDDDDDDDDD
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Tr[TrP<QéB)] = TI(QAB)
Trp(QapRa) =Tr (QAB)RA
Trp(Qaplip) = TI"B(RBQAB)
Trp(Qlp) = [Trp(Qan))!

Q00000000000Trs(Qap)00
0Doooooo
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goo

& Consider Qap : Ha®@Hp — Ha ®@Hp. We define a
partial trace (0O 0OO0OO) of Qan. TrB(QAB)

be a linear operator acting on H 4 determined by the
following conditions: A

(1) The mapping Qap — Trp(Qap) is linear.

(2) Trp(Qa © @) = [Tr(QB)]Qa.

O Trp(Qap) = -, B(v;|Qap|vj)p for any orthonor-
mal basis {|v;)p} for Hp.

O Tr[Trp(Qan)] = Tr(Qan)
O Trp(QapRa) = Trp(Qap)Ra
Q TI"B(QABRB) = TF@(RBQAB)
© TrB(QAB) [Trp(Qas)]t

QIf QAB is self-adjoint, Trp (QAB) is self-adjoint.
Q If QAB is positive, TrB(QAB) is positive.



