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Self-introduction
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Outline of the talk

e[ntroduction

eQuantization of the electromagnetic fields
*Quantum theory of light

Number states (single photon sources),
Coherent states,

Squeezed states,

Homodyne detection

* Nonlinear optics and Quantum state control
 Correlation function
» Representation of density matrix

e Precision measurements using atoms



What is light? What is a photon ?

¢ Newton’s particle theory
indivisible particle, localized in space

¢ Electromagnetic fields described by Maxwell’'s equations
vector wave

¢ Quantized electromagnetic theory
wave-particle duality

In a letter to Michele Besso in 1951, Albert Einstein wrote:
“All the fifty years of conscious brooding have brought me no
closer to the answer of the question: What are light quanta?
Of course, today every rascal thinks he knows the answer,
but he is deluding himself.”



Photoelectric effect

*The ejection rate of the electrons is proportional to the

hv intensity of the incident light.

*There exist a certain minimum frequency of the incident
light below which no electrons are ejected.

*The maximum Kinetic energy of the ejected electron
increases as the frequency of the incident light
Increases, but it is independent of the intensity of the
incident light.

EK — h V — ¢ *The time delay between the incidence of the light and
the ejection of electron is very small.

“According to the concept that the incident light consists of energy quanta of
magnitude RSV/N, however, one can conceive of the ejection of electrons by light
in the following way. Energy quanta penetrate into the surface layer of the body,
and their energy is transformed, at least in part, into kinetic energy of electrons. The
simplest way to imagine this is that a light quantum delivers its entire energy to a
single electron: we shall assume that this is what happens.”

“Concerning an Heuristic Point of View Toward thmiSsion and Transformation of Light,”
A. Einstein, Translation into English, American dwal of Physics, v. 33, n. 5, May 19655



Photomultiplier tubes = Photoelectric effect + Secondary emission

http://jp.namamatsu.com/
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Performance of photomultiplier tubes

, http://jp.hamamatsu.com/
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Semi-classical theory of photoelectric phenomena

“The concept of the photons,” Marlan O. Scully andriy Sargent I,
Physics Today, March 1972, p.38-47.
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H N g Photoelectric effect. An incident
' electromagnetic field interacts with a
» ' system in its ground state |g), causing
I . transitions 1o occur to excited states |k),
. that is, ejecting an electron.
: Figure 5.
E(Yv t) =Z COS(CUt - KY) Energy difference between the
_ R ground state and excited state
H,=-er[E

2
Fermi’s golden rule Ex—E, =MV [2+W

—_ 2
R, = 27elr [n*EXAS(w- (&, —&,) /1) ~=Ph@=MV2+W
FH— AFENRK, HEREZE, No. 427, pp. 5-9 (19B).



TES (Transition edge sensarPhoton number resolving detector
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Quantum Optics: From Basics to Advanced topics

» Optical technologies continue developing drastically.

e Such development contribute both basic understanding and
advanced application.

* In this talk, | would like to review the field of quantum optics
emphasizing on fundamental concepts.

10



Outline of the talk

eQuantization of the electromagnetic fields
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Quantization of the electromagnetic field

Maxwell equations

( rotE:—a—B
ot
g - aE
rot B = + & —
< Ho ) oMo ot
div E =2
50
| divB=0

Potential formulation

,

B =rot A ( div rot A = O)

E = —grad (p—%—? (.- rot grad ¢ = 0)

\

Coulomb gauge
div A=0

-
< _AA+C]-2 %t2A+c2 gt grad ¢ = 4o}

~Ap=F

k £
Free electromagnetic field

( —AA+Ci2‘?;tZA:o (1-1)

¢ div A=0 (1-2)

\ (020

 B=rot A (1-3)

| E:a—? (1-4)
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Quantization of free electromagnetic field (1)

Plain wave expansion Periodic boundary condition

A(F.t) =3 {&'U(t)exp(ilz T )+ A, (t)expl-ik F )
: K =(k,.k,.k,)

— (me Zmy Zmz]

L L L

n,n,n =0x1%2,...
Substituting to eq. (1-2) oy L L

- L - L
A [t)k=A (t)k=0 o=12 E——
Substituting to eq. (1-1)

a°A. (t) -
S5 =malAL 1), @c=ck, k= kG ek] k]

The amplitude of each mode satisfies the same iequad a classical harmonic oscillator.

—_— —_—

A ()= A exp(-iwmt) (1-5)

13



Quantization of free electromagnetic field (2)

A(F,t) = Z{& i exp(—iwkt +ik DT)+ A exp(i w,t-ik DT)}
k,o ’ ’
Substituting to eq. (1-3), (1-4)
E(F.t)=) E,.
k,o |

—

E., = iwk{ﬁ\z,a_ exp(— it +ik [ff)+ A, exp(i w,t-ik [ff)}
B(F,t)=> B,

£ ,
<, =ik X{'B\z,a— exp(— i, t +ik [Ff)+ A, exp(i w,t-ik [ff)}
Cycle-averaged energy of the electromagnetic field
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Quantization of free electromagnetic field (3)

Canonical guantization L .
Annihilation and creation operators

|.q|2,a’ ﬁR’,aJ Ihékk 500 (4. (1) = {a)kc“] (t)+ip (t)}
Ko\ T o Ko Ko
'5\20— = E (wquZa-l-ina)éEa < - )
N A &, (1) = ——{wa,, O -ip,, O}

2ha,

_ h s
-\/Zgov%aﬁ,a—% = [, (.4}, 0]=9.7,

A(F ,t) —Z

e, {élz,a— exp(— i, t+ik [ﬁ”)+ é;’a exp(i w,t —ik [fr*)}

28 Va)k
E(F Z ;zga)\l} . a{éﬁ’a exp(— i, t+ik [ﬁ‘*)— é;a exp(i w, t—ik [ﬁ*)}
B(F,t) = Z éﬁ,a{éﬁ’a exp(— i, t+ik [Fr*)— é;(] exp(i w,t —ik [fr*)}

2& Va)k
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*Quantum theory of light

Number states (single photon sources),
Coherent states,

Squeezed states,

Homodyne detection
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Quantum states of light (1)

Hamiltonian and electric field for a single mode

gy

E(F ) 27‘:‘\)/ {ée—imem _éTeia)t—iRm}
Fock or number states
Any=n[n), A=a"M)a() 2 B
- 1 — [3)
H n)zhw(n+§j\n> -
— |2)
a/n) =+n|n-1) he
&)= Vv Tn 3 “— |
@
|0) ground state(vacuum state) v 0)

discrete energy levels

light quanta in a box

In one-photon state |1>,
photon will be detected only at

a single location in a box. 17



Fock states (2)

Expectation value of electric field

E(F,t) =i / heo {éle'i‘“”‘Em —é*ei“"‘”zm}
2EN

(n|E(F,t)[ny=0

(n[E?(F,0)|n) = joi‘/)(n+1j

E .

»
»

O
P RRRRIRR R RRRARIRILILE

variance

(AE) = <(E - <E>)2> - <é2> ) <E>2 Phase is indefinite.

(AE)— how +1 There exist vacuum fluctuations.
B EN " 2 Wave ?
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Fock states (3)

Description of multimode fields
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Single photons sources

Single atom

Phys. Rev. Lett.
39, 691 (1977).

Single photon sources
 Single atoms, molecules
 Single “artificial” atoms
Quantum dots
Nitrogen vacancies in diamond
» Correlated photons sources
Spontaneous parametric downconversion
For wave mixing
» Attenuated laser as “guasi” single photon

Two photon correlations will be discussed later.
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FIG. 1 (color online). Experimental setup: (a) Sketch of the
dipole-trap arrangement that is used to guide atoms into the
cavity. A standing-wave dipole-force trap allows us to freely
adjust the position of an atom within the cavity mode by tilting a
thick glass plate in front of the retro-reflecting mirror. Atoms that
are trapped in the antinodes are displaced accordingly. (b) Level-
scheme of ®Rb including the relevant transitions. (c) Side view
of the cavity (cone-shaped mirrors), superimposed with absorp-
tion images of an atom cloud in the MOT and in the transport
trap illustrating the path of the atoms.

delivering up to 300,000 photons for up to 30 s.

"A single-photon server with just one
atom", Markus Hijlkema, et al., Nature

Physics, 3, 253 (2007)
20



Coherent states (1)

Eigenstates of annihilation operator

da)=ala), aisacomplex number.
n=(alfa) —
= (alatala)  (@[E(D]a)=2 Y
=(ala’ala) : ha
E°(F,t)|n) = —X
= ‘0"2 <n‘ 8 )‘n> 26V
2 — 2 AE 2 — hwk
(an)? =|a| = (AE) 26N
E .

JANEIVAN

»

—

\a\sin(wt -k T —9), a=|ale’
{4\0'\2 sinz(a)t —k [T - 6’)+1}

Independent oft, r andt

AE 1

AV \VARVA

B 1
Aimpitude 2|a| 2Jm

Negligible for ordinary lasers.
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Coherent states (2)

Expansion ofd> in terms ofnj>

)= "”"ZZ \>

Pﬂ
[
04 m=0.8

Poissoniardistribution Hnﬁ -

(ma)f =

Ka\ ,8>‘2 =e¢“ " Coherent states are nonorthogonal. H HH HH
Be-

: Three definitions are equivale
Displacement operator

except for a phase. 02 |
S —_ a'-a’a (e 34 — 0.1+
Dla)=e™t Aa)=ala) n L on 00000080,
—|0'| 12 _qat _ _|a|2 /2 © a 0 5 10 15
=€ e” e . = i
eA+B+[A Bl _ — oheb < a'> ° ; Jnl ‘ n> BETVIR I A AN DB IR E
t |AlA8=[3[48]=0) |+ |@)=Dla)0), D(a)=e=*

D
a)=D(a)0) { A

D'
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Coherent states (3)

Quadrature phase amplitude

{%=§(é+a*)
22—%(—|§+ia*)
[%.%,]=>

é’relwt |k[ﬂ}

E(F t) =i / hw {ae-lalﬂk[ﬂ
7T

{xlcos(a): k[T - E)

+ X, sin(at — k OF _E)}

%\ 2
~2 | O+ 1
@)= T ]+

({

a2 +aa'+a'a+a"
2 | @)

. a2 +a'a+1+a'a+a"
alx’|a)=(a| =22 (al @)

4

2

= (Ax,)" =
(8% ) = (Ax,) =

= (&x )%, )=~

Coherent state is a minimum uncertainty
state with equal variance.

NP

1

TR N
H
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Sgueezed states (1)

Squeeze operator Quadrature phase amplitude
é(():exp{l(Z*éz—ZéTz)} ,C =re? a=x +ix %) _(cospl2 -sing/2§,
X 12 | i ) LRZJ_[sin(J)/Z cos¢/2]£§/2]
{ S'(7)as(¢) = acoshr —a'e? sinhr
éT(Z)ATé(Z) = &' coshr —ae™’ sinhr
R R 1~ [~ =~
(- Al L[Alag]s
Squeezed states may be defined as,

¢.a)=8(¢)a)=8c)(a) )

then,

({,al|d|{,a)=acoshr —a’€’ sinhr
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Squeezed states (2)

|fH:¢:O’ |fH:7?/2,¢:O,
' Yo T Y-
e <|
V\_e{ §/1 yl
Amplitude squeezed state Phase squeezed state
E . E .

Figures are inaccurate, sorry.
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Sgueezed states (3)

Nature 387472 (1997)

bitrary units)

Noise current iy, (ar

Quadrature amplitudes were
measured by homodyne detection.

0 100 200

Time (ms) plitude xo

<10 ¢
Quadralure Bm
Flgure 2 Noise traces in ity {left), quadrature distributions P,x,) (centre), and four states, whereas for the sgueezed vacuum (Delonging 1o
rece

3 ditferent set of

ted Wigner funclions (right) of generated quantumn states. From the  measurements) a 3= interval is shown, The quadrature disiributio

Loherent state, phase-squeezed siate, state squeezed in the ¢ = 48%quad-  be interpreted as the time evolution of wave packets (pasition probability d

| rature, amplilude-squeezed siale, squeezed vacuum state, The noisetraces asa  sities) during ane oscillation periad. Far the reconstruction of the quantum sia
function of time show the electric fieldg’ oscillation in a 4« intarval for the upper 8 = interval suffices
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Quantum states of a single-mode EM field

Fock states ‘ n> — 1 (éT )”‘ O> (@ 1%

l o
Jn! |

Coherentstates |a) = [A)(a)\ 0),

[S(a) = exp(ad' - a’4) (b) 1%
Squeezedstates |¢,qa) = é(c)\a}, —=
S¢)=exp(c’az-ad™y/2

However, in experiments, a quantum state of a plzanee modeare
not observed in most cases.
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Quantum-enhanced gravitational-wave detector

“Quantum-mechanical noise in an interferometer,” Carlton M. Caves, Phys. Rev. D, 23, 1693 (1981).

M-— Photon counting error
— T
Ny =G G Z-> 72+t
Az An
) T 0 22 sid 2)cob & ==
5]Out ( C 2 2 z &]out
1 m
O\ ) | —2r 2.1
laser « « - (Az)pc D( C )(e sinh r)z
z ba 0’
Radlat|on pressure error
—(—)(b 'b,-b'b)
r:squeezing _2baz 2o :
Y= +m-2u (AD) —(—a) (a’€” +sinhr)

parameter C

u :relative phase ( AZ) a (&I_I )T
P

b:number of bounce c:light velocity 2m
T :0bservation time w :frequency _ (bha)rj(az or

1

. 2 |

sin? )

a :laser power h:planck’s constant mc e +sinhrr 28




Quantum-enhanced gravitational-wave detector

“Quantum-mechanical noise in an interferometer,” Carlton M. Caves, Phys. Rev. D, 23, 1693 (1981).

m—— |a [> sinh’r
b7 cwr C ) e

\ | (Az)rp ~( mc )laler (AZ)pcl~(2bC() |0’|
Az={(A2), +(02),,}?

Minimum when(Az) . = (Az),,

—I

1.me*,, 1.1,
|a|2:5( hw)(m)(bgez =0y

hr.>
AZ,, = (ﬁ)2 U(AZ) o

r:squeezing
parameter

u :relative phase

b:number of bounce c:light velocity
T :observation time w :frequency
o :laser power h:planck’s constant 29




A Quantum-enhanced prototype gravitational-wave detector

K. Goda, et al. Nature Physics, 4, 472 (2008).
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Pulsed light as a single mode

“Optical coherence and quantum optics”, L. Mandel &. Wolf, p.480 and 12.11.5.
We have defined photons as quantum excitations of the normal modes of the
electromagnetic field, and we have associated them with plane waves of definite wave
vector and definite polarization.
Now a plane wave has no localization in space or time, and therefore the excitation in the
one-photon state é}\o} must be regarded as distributed over all space-time.

|9

We may define a one-photon state localized in space by a linear superposition,
9)= 2 #NE10),  (g]@)=2 o))" =1
the corresponding spatial-temporal wave function is
d(r,t) = Z @(A)U, (r)exp(-ltw,t) (IP).
|qo> IS an eigenstate of Athe total photon numer operator n
io)=10g).  A=30 =3 ala,

If we define anew operator €= ) @ (1)4,, Any spatial-temporal mode can be

@) =¢'|0), [6*6] =1+« regarded as a single mode. a1



Generation of squeezed states

Moritz Mehmetet al. Phys. Rev. A81, 013814 (2010).

(a)

Laser preparation  Squeezed state Detection
generation
Laser

DBS FC532

MgO:LiNbO3-
crystal

Ceramic
insulation

Copper plate
Peltier element

Ceramic base

FIG. 1. (Color) Experimental apparatus. (a) Schematic diagram
of the experimental setup. A small part of the 1064-nm output of
the 2-W laser system was used as local oscillator while the majority
was sent to an external second-harmonic generation (SHG) cavity
which provided the 532-nm pump beam to drive the OPO. Travelling
wave filter cavities (FC1064 and FC532) in both paths were used
to provide stable and well-defined laser beams. Squeezed vacuum
states at 1064 nm were generated by type [ OPO below threshold
in a nenlinear monolithic cavity. A balanced homodyne detector
was used to measure the states’ quadrature variances. DBS, dichroic
beam splitter: PD, photo diode: SA. spectrum analyzer. (b) Exploded
assembly drawing of the oven enclosing the squeezed light source.
The nonlinear crystal, copper plates, Peltier elements. and thermal
insulations are shown. The inlay shows a photograph of the monolithic
squeezed light source made from 7% doped MgO:LiNbO;.
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FIG. 6. (Color online) High-bandwidth squeezing spectrum.
Squeezing (bottom trace) and antisqueezing (top trace) are shown
relative to the vacuum noise variance. The measurements were
performed from 5 to 100 MHz. This was limited by the fact that the
dark noise clearance of the homodyne detector was too low toward
higher frequencies. The traces are averages of three measurements
each done with a resolution bandwidth of 1 MHz and a video
bandwidth of 3 kHz. The data were fitted to a model and revealed a
squeezing bandwidth of 170 MHz (thin line).
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FIG. 3. (Color) Wigner function of the squeezed vacuum state
produced by our OPO. The projections (solid curves) onto the
two quadratures yield the Gaussian probability distributions with
variances of —11.5 and 16 dB relative to the projections belonging to
a pure vacuum state (dotted curves).
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Two mode squeezed states(1): side-band squeezing

la,.a%|=a.a"-]=1
, la,,a"|=[aa%]=0

Quadrature-phase amplitudes can be defined by
(in photon-flux stance, Cook’s claim)

/?1:%(5‘++é-T—); XZZ%(_ié.Jr'FiéT—)

Note that these are not Hermitian

.Xl’XZ] [/YZ’Xl] \_Xl! 1TJ:\_)?2’)A(2TJ:O

X2’X1 ] [le)(z ]_ I2

Carlton M. Caves and Bonny L. Schumaker, "New fdisnafor two-photon quantum optics. |I. Quadraturagds
and squeezed states," Phys. R&1,/A8068 (1985).

Bernard Yurke, "Squeezed-coherent-state genenaigofour-wave mixers and detection via homodyneckets,”

Phys. Rev. 82, 300 (1985). 33



Two mode sgueezed states (2)

Two-mode squeeze operator
S(r, @) = exp[r (é+é_e‘2‘¢ -a'a'e”? )]
S'(r,$)a,S(r,¢) = &, coshr — & €’ sinhr
wheng =0, S'(r,0)§,S(r,0) = f,e”
S'(r,0) £,S(r,0) = 1.
Two-mode coherent states
[A)(é+,a+)[3(é_,a_)\0>, D(4,q) = exp(crélT — a*é)

Two-mode squeezed-coherent states ‘lﬂ >

w)=S(r,$)D(4,,a,)D(4_,a.)|0)
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Two mode sgueezed states (3)

Mean-square uncertainty of a non-Hermitian operator R
(") ={(R= (R R =(R) )
=(RR"),,~(RYRT), (AB),,=(AB+BA)/2

Mean-square uncertainty of quadrature amplitudes

(8 ) =2 (ki + £ ) = ()

N\

(80l =5 (o + ) = () A

Fora, =a_=0and¢ =0,

(axf)=2e", (axf)=e
<\A)(1\2>”2<\A)(2\2>1/2 =% N



Outline of the talk

Homodyne detection
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Homodyne detection (1)

aLO

When LO is a bright coherent light, 8. — /N €”°
A 1 At A _at
~ a.ta d. —ad. .
n= 21/nLO{ > > *-Ccosf + 32_ = smé’}
I

= 2,/n,, {%, cosé + %, sin 6}

37



Homodyne detection (2)

Multimode homodyne detection

_ 1 _ 1 _
a,(w) = ﬁ(as,(wwam(w)), a, (w) ﬁ(asw) a, (w))

We assume that a photodiode measures photon flux:
(1) = edeIdw'af (w)a, ()N e_[Bj
0o 0

;N\ 2
a)—a)j

1,(t) = e dw| dafa) (w)a, (@ el o1
0 0

where eis elementarycharge,B is the bandwidth of PDs.

() = 1,(8)— 1, (t)

- o] daf doofal (@a, (@) - al(@ar(@} e re |+

0 0

- o] daf doffals (a@) + al (@ (@)} P e ®

0 0 38



Homodyne detection (3)

We assume that the LO is in a monochromatic coherent state.
o (w)‘ LO (w)> =a,0(W-Ww )‘ o (W )>
{aolt Ofa.o) ej dwj da{ar, oS- ay)as(a) +al (@), o O(a - wo)}
% ol (@) o ( )
— e\/j-.-d&){as(&))e |6?LOe (w-ap)t as(w)elé?wel(w a)o)t}

changof variable: £ =« - «,,andtake A« >> B.

2

&

=e/n,o Afddw{as(a) +e)e "o +al(w, + £)e'o e“’”}e_(Ej

Aw
=e/n, jda){a (w, +£)e"%e™ +al(w, + £)e'%e” ‘ .‘%

16 16 i &t (gjz 0 C()O
+ag(w, —£)e" e +al(w, - £)e' e }e
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Homodyne detection (4)

Using quadrature-phase amplitude, we obtain

<{aLO }“ (t)‘{aLO }> = ZemAjwdw e_(%j {X(g, QLO)e‘ift + x' (e, HLo)eia}

where y(&,0) = %{as(a)o +£)e"’ +al(w, - g)em}
note x'(&,0) = x(-&,6)

Therfore, € - frequency componentof the deferencecurrent, | (£),is given by

&

I (€) = 2ey/n, e_(B] {X(s,HLo)e“‘“ +)(*(£,<9Lo)e"“}

Noise power measuredby a spectrumanalyzer§ &)

— zero- frequency componentof |14(&) (video bandwidth)
2

S(e) = 4e°n, e_bj (X(£.0.)X"(£,6,5)+ X' (£,0,6)X(£.6,5))

Mean-square uncertainty of the quadrature amplitude




Pulsed homodyne detection

Pulsed homodynéetectiondiffers from the usually-used method of using radesfrency
spectral analysis of the current to study noise adiceitequencies. In the pulsed homodyne
detection, photoelectrons generated by each pulsepegately amplified by a low-noise
amplifier, soa single measurement on the quadrature amplitutteeafignal pulse is

performed pulse by pulse.

A charge sensitive amplifier: repetition freq. < 1IMHz
ref. D.T.Smithey, M. Beck, M.G. Raymer, and A. Faridani, Phys. Rev. Lett. 70, 1244 (1992).

Now, using a low noise op-amp, repetition freq.~100MHz is possible.

e e e ==X XX

continuous-wave Pulsed light r,<1l/B<T
T —Pulsed readout
[ e *k /i /\
t: n n+1 n+2 t:

Detector’s response~1/B 41



High speed homodyne detector made of OpAmp

—60-

Okuboet al., Opt. Lett. 33, 1458 (2008). f\ — Electric Noise
E — SNL
= _70- — Squeezed State
OPA847, 3.9 GHz, 950 V/ u's g
g
2
-804

0 50 100 150 200 250

I i il I

Useful bandwidth > 200MHz

Observation of squeezing over several rep. freq. (f  irst) 0 50 100 150 200 250 42
Frequency[MHZz]




Performance of detector and Measurement Squeezed states in time domain
Okubo et al., Opt. Lett. 33, 1458 (2008).

Total data 7600 pulses

0.064

0.04-

Variance [V’]

0.024

Linearity < 2mW

0.00-

o 1 2 3  a
LO Power [mW]
Effect of amp noise’s low frequency

0251 ] /'

0.204

0.15; [ Independent detection
- { of 76MHz pulse train
0.10

005‘ H{ /
. “IEEEH{E

0 1 2 3 4

Correlation Coefficient

i = One point is an average of 10 measurements

Count Number

i = error bar is a standard deviation of 10 easurements

800-

o . Squeezed
/
- Quadrature
600-
500-
400- SNE-—
300- X
ﬁimf‘j “ ‘i%&k

2 4 0 1 2 3 a4
Quadrature Amplitude

Squeezing -1.7dB

Antisqueezing 8.4dB

LO Power 2.0mW
Pump Power 7.3mW

LO Power IMWIT L eeceeceensennennes

Correlation coefficient of adjacent
squeezed pulse is 0.04 43



Outline of the talk

* Nonlinear optics and Quantum state control

44



Nonlinear optics and Quantum state control

Electric field and dielectric polarization:
D(r,t)=¢,E(F,t)+ P(F,t)

The polarization may be written as a power series:
P=g,XcE+e X EE+£,x® EEE+.-.
(This is not the case for an extremely high elecieiclf)

Intuitive picture of dielectric polarization:

I E electron 4 Green+blue
[ o 1

0.5

nucleu:

-0.5

-2 ! 1 2 \\, / \ /
X ~
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Nonlinear optics and quantum state control (2)

Second order nonlinear polarization: t X
5(2)) = (2
) (R = 26,0 B E, Three EM waves
ot H = 0_+i~ > pr.opagatlng inz direction
ot y with frequencieso,,w,, ;.
= 2 (e + £ X E+ P )+ oF
ot [ (@) (ot -k, 2)
3 3 E((z,t)=1/ 2(E1i (z)e 1+ c.c.)
:_(gE)“L_PNL t ok { E@)(z,t)=1/2(E, (2)€' @D + c.c.
ot ot j 2]
3B CE(zt)=1/ 2(E3k (z)e'“?) + c.c.)
rot| rotke+—|=0 _ o
Nonlinear polarization at frequency=w;-w,
_ 0 - (magnetic w w
-0°E+ My ErOtH =0  polarization ignored) (Prxglfdl) (Z’t))i = 2&,d;, EJ( Z)Elg )
~ 1 \ o
- 2 _ 2 - = B _ (w3 = )t=i(ks—kz)z o
q2E = ,Uofaa?E +:ana?PNL +.Uana—|f Zeod”k E, (2)E; (2)e c.c
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Nonlinear optics and guantum state control (3)

1 62 i -k,z
02E(*)(z,t) = E{E(Eﬂ(z)e(“’ﬂ 2) ) 4 c.c}

( 2 .
13,7 (E1i (z)e'{ )+ c.c}

([ 72
. [0 £, (2) _ 21k, aEg (2) _ = (Z)jei(wlt_klz) + C.C}
Z

0z°

Slowly varying amplitude approximation
0°E, (2) ok, (2)
0z° 0z

O2E“) (z,t) = %{(— 2ik, aEg (2) _ k2E, (2) [e“™M? +c.c
Z

k=27
)

<<

kl

i 1 i -k, z \
— {,uogl(—a)f) + |a)1,ulal}{§ E e yect+ U, — (PN“[1 )i
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Nonlinear optics and guantum state control (3)

1 62 i -k,z
02E(*)(z,t) = E{E(Eﬂ(z)e(“’ﬂ 2) ) 4 c.c}

1 ( ? i(wt—kyz
= Ei@?(E“(Z)E( it ’)+ c.c}
_1(9%E(2) _ . 9E,4(2)
—2{ 622 - 2ik, 52 -k’E; (2) €'Y +c.c
Slowly varying amplitude approximation
2
0°E,(2) 3 ok, (2) k:2—ﬂ
dz° 0z A
2 = (@) 1 . 0E;(2) 2 i (cot—k,2)
°E, (z,t)za - 2ik, 3 -k E;(2) |e ) + C.C
Z

2

i 1 i -k, z \
- {ﬂogl(_wlz) + le/”lal}{E Ee (@atma? ye.c.p + Ho (9'[—2 (PNaIil )i
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Nonlinear optics and quantum state control (4)

r dA, a, . oAt A —ilk
=-—A - 1A Ae
=T AR,
dA2 az . * —IAkZ
=-—=A,-i e
< - o P TIBAA,
LT T A TIBAAe

n
A = /;‘E, a =0 /%,Ak:kB—kl—kz
I |

2
— dijk & HoW, W, W, — dijk W, W, W,
2 K, wn,n,  2c’\ nn,n,

Second harmonic generation
wa =w, (AA=A,), o0, =0 (lossless)

4 dAl . * —iAkz
= -l e
[ =
dA3 : 2 AiAkz
= -l e
o BA;

& (ar+[af)=o

Energy conservation

When |A | << |A,|, A =const. A,(0) =0

et -1
A;(z) = —IA Ak
1121~ 14 SIN?(Akz [ 2)

A(2) = |B]'|A[ 2
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Parametric process

wa =w, (A=A, a; =2a;), 0, =0 (lossless)
When |A| << |A,|, A, =const. A,(0) =0
P = -ipa aew

I

¢ X X X XX — e 1.0

= 20- 2.5 x % % = :rg =

az * —idkz+ig ig g;’ §200 7 e vt 32:

—_ =1 +1 I - ‘® 10 E v 08 g

- gAl € ge - |18A3 3’ X Shaped pulse g 9] _;,:*'.‘ Lo.7 ;’,’

-E 03 ¢ Non-shaped pulse| £ 1.0 ot -O.BE

oy e o gt )

d 2 A1 2 5 =104 R e g' 0.54 _(.«’.“ e X Shaped pulse 0.5 §

- —_— o T 4 + Non-shaped pulse <

2 9 00 01 02 03 04 %0 02 04 TR
dz ' Outpu.t pump a.verage [;OWEI' ' S.quare root (;f pump aver-age power (r-nW”z)
from PPLN2 (mW)
—_ Z -0z
0 = A,(0) cosh - (0)e' sinh T S
A (z) = A(0)coshgz - A (0)e* sinh gz S R | o
154 e 4 N A + Non-shaped pulse = 09 o
o 10 — § 201 L 0.8 :;:,
t(7\ac(7) = 4 ATAI? o ] B 15 e 07 &
note S'({)aS({)=acoshr—-a'e’sinhr % s X Shaped puise D R P
8 od * Non-shaped pulse| | % 051 A U -
[=] e e ., .v"’ - 3
Z 5. e 0.04= . . . 04
0.0 0.2 0.4 0.6

0.0 T 0:1 T 0:2 d 0:3 Square root of pump average power (r-nw”z)
Output pump average powet
from PPLN2 (mW)

St =nexp(x2r)+1-—n.
+ = Nexp(£2r) n -
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e Correlation function
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Correlation functions

One photon detection probability
E. (T =EN T 0)+ED(TL)

h a)k

» V exp(—ia)kt +ik [fr*)

2 (+) (7
ER,a(r t) =

‘i> - ‘f> : onephotonin modek, o isannihilate.

PO =3 K|(fET) —KZ\ B = KBS £ [ECi)
f f
= K(i[E BT
whenonephotonin modek, o , anotheronephotonin modek’, ¢’ areannihilated.
PO =3 K|(f [ELEW, i) = KB Bl T BB [T

— K< ‘E( ) E( )E(+)E(+)

k.o k,o k'.o

)
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The first order correlation function (1)

o (B LB 1)
97 (FastaTeitg) = —= ~ 12 / A ~ 172
(EOFt)E (Tata)) (EC (7o, ts) B (T 1))

r,t

EC (Fy,t,) =i Zhw\k/ a, exp(—ia)tA +ik, [FA)

hw, - : =
= a, expl—iat +ik, [TF
e o ol Ny
= EQ(F 1) ty=t=|F —T,|/c
Ay .| hw . . -
E® (f5,t5) = 2govaBexp(—la)tB+|kB [‘n’B)
how .

a, exp(—ia)t +ikg [fr*)
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The first order correlation function (2)

o (£, LB 1)
g7 (M tai T tg) = — - 12/ ~ ~ 172
(EOFt)ED (Tata)) (EC (7, ts) B (T 1))

ECV(F,t) = EQ(F,t) + ELV(F,1)

P(l)(F,t) — K<é(_)(F,t)é(+)(F’t)>

— K{<ég‘)ég+)>+<éé‘)éé+)>+«/ﬁg“) ++/ABg (1)T}

1 first - ordercoherent
‘9(1)‘ =1<1 partialcoherent
0 incoherent
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The second order correlation function (1)

(B (B (1) B (1 ) EV (7, 1))
<|§<-> (7o, t,)E® (rA,tA)><é<-> (7, t,)E® (FB,tB)>

second order autocorrelation function
Beam splitter

g(Z)(FA’tA’ lg,tg) =

| (t+7) () () — <é(_)(t)é(_)(t+r)é(+)(t+T)é(+)(t)>
- 4_.' 0, 97(1)= <é<-> (t)é<+>(t)><é<‘>(t+r)é(*)(t+T)>
l‘ 0 . Classical theory
Pa g (1) = UOLCLY)

(L)X (t+71))

(12w) _(1o-00)) (o)
(1(1))° (1(1)° <| (1))
lim 9&(r) =1 (o (TWIt+7)) o, (HE)XI(E+7)) )

7 - ™ 7 -

gc’(0) = _>1
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The second order correlation function (2)

Quantum theory

A+2 A
e

m~t A\ 2
[aa)

g (0) =
Fock states

<n\é*2é2\ n)=n(n-1
(n=0)
g (0) =
1-1/n (n=1)
g?(0) <1 antibunchig

Single-photon source

Carrelations
Corme bt
2 &8 8 B 28

(=T L T =]
[=J =]

=20-10 0 10 20

Count rate (kHz)

Nature Physics, 3, 253 (2007)

Coherent states <éT”én>
0?0 =1 "= =1

Squeezed states

|a'|2{(e4r —e” )Sin2(¢ -012)+ (e‘4r -e” )co§(¢ -0 /2)} +sinh?r +2sinh’r
ﬂa|2{e2’ sin’(¢ - 812)+e cog (g -0/2)}+sinh’ r}2

sssssssss

Fig.5 Normalized intensity correlation as a
function of |a|? and r for ¢ = 0.

Thermal light
g(z) (O) =2 P = n
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Representation of density matrix (1)

Representation in Fock state basis
p=3 3 Injinlotm)(m
=% % Al o = (rlAm)
Example :coherent state .
; _gtaa

,0:‘0’><0" Prm = n'm

Representation in coherent state basis ? Yes.
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Representation of density matrix (2)

Glauber-Sudarshan P-representation
D= jdza P(a) a)a]
Expectation value of normally ordered operators

<aTném> Tr(,&i*ném): TrUdza P(a)\a}(a\é*ném): TrUdza P(a)(aja™a" a>)

:jdza P(a)a*nam a'=a,a=>a
(A )2_ 2\ J\2 _ a2 +2a'a+a" +1 ~ a+ar\’
X _<X1> (%) = 4 2 <a>:jdza’P(a)a
zljdza P(a'){a'2 200" +a” +1—(a+a*)2} { < > - jdza Pl@)a
{1 +[d aP(a)[(a+a) (a )]} if P(a)=0,

A4

(4x, ] 2% and (4x, ) >

1
4

(o) =211+ [0 p(a){(ia*)_(<a>—i<a >)}
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Representation of density matrix (3)

(an)* =(n*)-(n)’
=(n)+[d’a P(a)la\2 —<\a\2>]2
if P(@) 20, (4n)’ = (n)

classical light :P(a)=0

Normally ordered characteristic function:

xu () = Tr{pe &%)
= j d%a P(a) & e “
n=x,+ly,, a=Xx,+ly,

AN (’7) - j-d ‘a P(a’) eZiynXa e‘Zan)’a
Xu () =5{P(al2)}

P(a/2) =& {xn ()}

Wigner distribution function:

X =Trle %)= x, (e
W(a) = [d’n x(m) & "™

= [d%n xy(me ™ 2 &

-2 [ap (g
T
Example :coherent state
W@ =2 [dp5%(8-a,)e
T

_ 2 gApaf
T
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Representation of density matrix (4)

Wigner distribution function:

Example (2) :squeezed vacuum state

W(x¢.p¢)
2 2 2 2r )]

2
W(yl’ yz) = ;eXF{_ 2(y1 e~ +y,€
Example (3) :fock state¥}
W(x, %) =2 (<DL, (4r2)e™
71

L :Laguerre polynomial
can be negative

Relation to homodyne measurement

NN o ATt It is possible to reconstruct Wigner
pr(9.6) = <q\U (6) U (6’)‘ q> function from homodyne data.

U@ =e® U'au =ae™

pr(q, o) = _[W(qcos@— psiné,qsinéd - pcosd)dp
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Representation of density matrix (5)

Husimi Q distribution:
Xal7) = Tr( g )

Q@) == [d% x, () &
7l
1, .
Q@) =—{alAa)
== [d2BP(BYe "
T

<éé > jd aQa)a"a™"
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Outline of the talk

e Precision measurements using atoms
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Atomic Magnetometer

—
> "

¢ ¢ ——— H.—7—

probe light

pump light

review article: D. Budker and M. Romalis, Nature hy, 227 (2002:)3.



"A subfemtotesla multichannel atomic magnetometer,"

|. K. Kominis, T. W. Kornack, J. C. Allred & M. \Romalis, Nature, Vol. 422, pp. 596-599 (2003).

Lock=in Computer ; j [
software DAQ H
an
5 i
Photodiode array T__l I l
Analysing polarizer
YR RORE Magnetic shields
]
High-power i i
diode laser Frield eoily =} Hot air flow

Single-frequency
diode laser

Pump beam

%"‘-‘T_‘_*Cell

Probe beam

Beam expansion lenses

Faraday modulator

Polarizer
B, Field

Figure 2 Experimental set-up. The diagram shows: magnetic shields with a shielding
factor of 10°%; field coils producing calibrated, uniform fields along X, yand Zdirections, and
all five independent first-order field gradients; a T-shaped glass cell (3 x 4 x 3cm) with
flat windows, containing a drop of K metal, 2.9atm of *He and B0 torr of N-; a double-wall
oven heated to 180°C by flowing hot air to obtain a K atom number density of
n=6x10"cm * a circularly polarized 1 W broadband diode laser (‘pump’ laser)
tuned to the centre of the D1 line at 770 nm; a linearly polarized 100 mW single frequency
laser (‘probe’ laser) detuned by 1 nm from the D1 resonance; a Faraday rotator
modulating the plane of polarization of the probe laser with an amplitude « = 0.02rad at
a frequency fm0q = 2.9 kHz; beam-shaping optics that produce a collimated probe beam
with a cross-section of 4 mm x 19 mm; a polarization analyser, orthogonal to the
polarizer; a seven-element photodiode array (shown in the top inset), with element
separation of 0.31cm along the j~direction; and a 16-bit data acquisition system using a
digital seven-channel lock-in amplifier to demodulate the signal proportional to the
magnetic field B,. Bottom inset, cross-section of the T-shaped cell, showing the rotation
of the K polarization P into the X direction by an applied magnetic field 5,.

1

BT YT/ +])

64



"A subfemtotesla multichannel atomic magnetometer,"

|. K. Kominis, T. W. Kornack, J. C. Allred & M. \Romalis, Nature, Vol. 422, pp. 596-599 (2003).

Lock-in Computer
software DAQ

100

I.I ‘l-
i A
1 1 11T 1 1 1
-
-

= ]
Photodiode array 1 9:’\"./* ILD% j'ﬁ;a o
(B —ILEDEME) -
Analysing polarizer Magnetic shields g \ | l,“ fl
N 10 \ d
I M 3
= \;mp\,.'\,“ J k«“.._:'\m_!v HH\,%VJ'\*J;
—— =
High- - 1 A ]
di?c;eﬁgge?r G G —1-Hot air flow = i
Pump beam 2 i
I
3 1
| cel o4 V .
h = % ]

BEEF v RILDEDD
5| %t&bf—lﬁlﬁ ’“&ﬁ |
0) 140 Hz
Figure 3 Magnetic field sensitivity and bandwidth of the magnetometer. Magnetic field

noise in a single channel (a, dashed line}, and infrinsic magnetic field sensitivity of a single
channel extracted from the difierence between adjacent channels (a, solid line). The

magnetic field sensitivity data are obtained by recording the response of the

magnetometer for about 100 s, performing a fast Fourier transform (FFT) without

windowing; and calculating r.m.s. amplitudes in 1 Hz bins. A peak due to the calibrating B,

field is seen at 25 Hz. To obtain absolute field sensitivity, we divide the magnetometer FFT

by a normalized frequency-response function shown in b with a fit to A/(f* + B%)"?

y Z Probe beam [

Beam expansion lenses

Faraday modulator

Single-frequency
diode laser

Polarizer

B, Field
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Quantum magnetometer

Angular momentum system

d S _
(a) random S=(S..S,,S,)
2T @@/ Cyclic commutation relation
25

' [S’Sj] :igiijK
| = (85)(28) 2 [(S)

‘2
“(b) correlated |
1/2

‘%"* =2 _ y For N atoms inm.=F along the quantization axis z,
25
' S,=FN

“Squeezed spin states,” Masahiro A magnetic field alongy axis causes a rotation o6
Kitagawa and Masahito Ueda, Phys. > hiane. Polarization of light propagating along
Rev. A 47, 5138-5143 (1993) _ : .
X will be rotated propotional to S. This measument
IS limited by the projection noise of the atom,

(AS? :%: FN/2

and light shot noise of polarization measurement.
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"Sub-Projection-Noise Sensitivity in Broadband Atorlagnetometry,”
M. Koschorreck, M. Napolitano, B. Dubost, and M. Mitchell, Phys. Rev. Lett., Vol. 104, 093602 (20.10

depletion F=1 4
depletion F=2

FIG. 1 (color online). (a) Atomic transitions for probing,
preparation, and imaging light fields. (b) Atomic ensemble Atom Number N,
with probing, pumping, and imaging light fields. The polarimeter _ _ ol o
measures in the 45° basis, i.e., the Stokes component 5‘,_,. FIG. 3 ‘icnlﬂl' ““I'"f’]' P«_fleaﬂ‘urccl FERRNER af 5,y staistic]

: errors for N; = 107 as a function of atom number. Dashed curve:
theoretical curve including technical noise sources. Solid line:

Laser cooled Rb atoms, 6—'.-(25-“‘(, dlpole trap pure spin quantum noise. Dotted line: shot noise and technical

light noise. Thin solid line: light shot noise. The electronic noise

20 times QND measurement w/o dlpole trap s not plotted because it is negligible for this number of photons.

“Spin Squeezing of a Cold Atomic Ensemble with kheclear Spin of One-Half”,

T. Takano, M. Fuyama, R. Namiki, and Y. TakahaBhys. Rev. Lett. 102, 033601 (2009). 67



"Squeezed-Light Optical Magnetometryigrian Wolfgramm, Alessandro Ceré, Federica A. Beidina
Predojevé, Marco Koschorreck, and Morgan W. Mitchell , Phigev. Lett., Vol. 105, 053601 (2010).

Diode . | Tapered ik o
laser 7| amplifier B.5 by i
o
Y Y g ot
; pectrum SRS £ .
Atomic Frequency MERSE iiEe analyzer ol 6 ‘E
reference doubler = = B |
SMF P = &
- D08 o1 LR o4 018
=
= J
2 A5+ "
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FIG. 1 (color online). Experimental apparatus. Rb cell, rubid- quency (Mhz)
fusxL Yoo cell W_“h magneie coil and magnetic shielding: QPO- FIG. 3 (color online). Faraday rotation measurement. Power of
optical parametric oscillator; PPKTP, phase-matched nonlinear the polarization signal as center frequency is scanned, RBW =
crystal; LO, local oscillator beam; PBS, polarizing beam splitter: 3 kHz, VBW = 30 Hz. The (upper) black curve shows the
HWP, half-wave plate; SMEF, single-mode fiber; PD, photodiode. applied magnetic signal at 120 kHz above the shot-noise back-
ground of a polarized (but not squeezed) probe. The (lower)
Hot Rb atoms, 794.7 nm, D1 line green line depicts the same signal with polarization-squeezing. A

zoomed view around the calibration peak at 120 kHz is shown in
the inset.

-3.2dB, 3.2 x 18 T/VHz
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Outline of the talk

e Continuous-variable quantum key distribution 69



A brief review of CV QKD

e Home—(or hetero—)dyne detection is utilized to detect weak light.
— Quadrature—phase amplitudes (continuous variables) are measured.
¢ merit: room temperature operation with conventional devices

¢ drawback: needs local oscillator phase—locked to the signal

e Quantum states sent by Alice
coherent states (easy to generate), or squeezed states, or non—Gaussian

e Coherent—states modulation schemes
¢ Continuous modulation : e.g. Gaussian modulation

Gaussian distribution of quadrature—phase amplitudes |
¢ Discrete modulation (i.e. QPSK) ' O O

Similarities with QAM optical transmission sheme

Unconditional security proofs have been presented.
e Mode of electromagnetic field OO
pulsed light, frequency sidebands




QAM system by Prof. Nakazawa group, Tohoku Univ.

562 IEEE PHOTONICS TECHNOLOGY LETTERS. VOL. 22, NO. 8, APRIL 15, 2010

Single-Channel 400-Gb/s OTDM-32 RZ/QAM
Coherent Transmission Over 225 km Using an
Optical Phase-Locked Loop Technique

Keisuke Kasai, Member, IEEE, Tatsunori Omiya, Pengyu Guan, Student Member, IEEE, Masato Yoshida,
Toshihiko Hirooka, Member, IEEE. and Masataka Nakazawa, Fellow, IEEE
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AWG: Arbitrary Waveform Generater
FBG: Fiber Bragg Grating

PBC: Polarization Beam Combinor
PBS: Polarization Beam Splitter

EA med: Electre-Abserption Madulatar
B-PD; Balanced Photo Detector




CV QKD and QAM optical transmission

Similarities
¢+ Coherent states modulated in phase-space are sent
¢ Homodyne detection is utilized to readout quadeapltase amplitudes
A coherent optical communication system operating
= In quantum noise limit is ready for CV QKD.
Similarities between the QAM optical communicateord the CYQKD
may allow us in future to perform both
high speed data transmission and unconditionadyreeQKD
with same equipments by switching its operation eaod

speed —
CV-QKD (QNRC) QAM system

security .
=small excess noise

72



CV QKD and 3-dB loss limit

“Continuous Variable Quantum Cryptography Using Coherent States”, Bob
F. Grosshans and P. Grangier, PRL 88 ,057902 (2002).

Recipe for beating 3dB-loss-limit Eve
Post-selection

“Continuous Variable Quantum Cryptography: Beating the 3 dB Loss Limit”,
Ch. Silberhorn, T. C. Ralph, N. Latkenhaus, and.€uchs, Phys. Rev. Lett. 89, 167901 (2002).

“Quantum cryptography using balanced homodyne tietet Postselection
T. Hirano, T. Konishi, R. Namiki, quant-ph/00080&ktened abstract for EQIS 20C2. Mmjm

"Security of quantum cryptography using balancechddyne detection”, §
R. Namiki, T. Hirano, Phys. Rev. A, vol. 67, na022308-1-7 (2003). £

5t e Y 0

Reverse reconciliation Quadrature ampiitude

“Quantum key distribution using gaussian-modulatekerent states” , F. Grosshans, G. Van Assche,
J. Wenger, R. Brouri, N. J. Cerf, Ph. Grangier,uxa421, 238 (2003).
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Probability distribution of quadrature amplitude

0270 <n>=1

o

=
'XO X¢XO

3 ) 1

Bob sets up a threshold val¥g
If the measured valueg< -X,, Bob judges thag=180.
If Xg> X,, Bob judges thag=0r.

If X, <X¢< X,, Bob abandons the judgement.
IncreasingX,, the error rateg; decreases to an arbitrary small value.

The “effective” detection efficiencyy, also decreases.
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Security of CV QKD: loss limit caused by excesssed(l)

R. Namiki and TH, Phys. Rev. Lett., vol. 92, 11792004).
1. Eve performs a simultaneous measurement on baithrgture
amplitudes (x,p) using a beam splitter.

2. Eve resends a coherent staex+ip)> Bob | %0 A 5
Simulfaneous
‘ @) measurement | 7 (x+ip))
XpP)

No secret key because Eve knows the state that Bob measures.
(entanglement breaking)

Applicable to any CV QKD protocol using coherent states and homodyne detection
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Security of CV QKD: loss limit caused by excesssed|2)

R. Namiki and TH, Phys. Rev. Lett., vol. 92, 11792004).

Define excess noise 0O:

1000 3
i NO SECURE KEY (.&.:nf;,,c.ﬁ)2
0 = 5 1
100—E (&'1)
g ] §<2n Intercept & resend attack
— ' Increases excess noise:
L 104 BS followed by amplification 5 =0
C ] e
@ - .
@ : Excess noise decreases by loss:
o 0=2n, n:itransmissivity.
0.1 - o

0t o1 1
eXCess Noisé 0<2nis a necessary condition.
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Excess noise should be small for unconditional satty.
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FIG. 3: The net key generation rate GG (bits per pulse) vs
distance. WCP and TD means that the curve is valid when
weak coherent-state pulses and threshold detectors are used,
respectively. Parameters used are from [18]: d = 1.7 x 10°,
na = 0.045, f(E) = 1.22, the fiber loss 0.21 db/km, and 3.3%
of distance-independent contribution to the QBER.

M. Koashi, quant-ph/0609180
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FIG. 2 (color online). Secret key rate as a function of the
distance for different values of the excess noise: from top to
bottom, & =10.002, 0.004, 0006, 0.008, 0.01. The quantum

efficiency of Bob's detection 15 7 = (L6, 0.2dB/km

4% Anthony Leverrier and Philippe Grangier,
st ) o (1400 Phys. Rev. Lett., 102, 180504 (2009).
O """""""""" ] O ( Erratum: PRL 106, 259902 (2011). )
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