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Translation of Multi-Staged Language

Makoto Tatsuta

National Institute of Informatics

Abstract

This paper provides a translation of multi-staged language into a record calculus. It is based
on the translations given by Aktemur and Yi. This paper gives simpler and detailed proofs of the
soundness type theorem.

1 Introduction

Our contribution is a simpler proof of the type soundness of the translation.

We will investigate [R,K](e) = ko[ \polo.k1[Ap1l1. .. Kn[Apnln-€]...]] instead of K(e) =
Ko[k1[. .- Knl€]...]]. On the other hand [1, 3] investigated K (e). The notion [R, K](e) drastically simplifies
proofs of the type soundness.

2 Type Translation

2.1 Multi-Staged Language \g

Our multi-staged language is the same as that in [3].
Variables z,y, z, . . ..
Constants ¢, . . ..
Expressions e ::= c|z|\z.cleelfix fz.e|box e|run e|unbox e.

2.2 Types for A\g

Our types are the same as [2].
Base types o, 3, . . ..
Types and type contexts are defined inductively together:
Types A, B ::= a|A — A|O(T > A).
Type contexts I',II,.... A type context is a finite function from variables to types.
The type context I' + (z : A) is defined by (I'+ (z : A))(z) = Aand (I'+ (z: A))(y) = '(y) for = # y.
We will write (z1 : Ay,...,z, : Ay) for the type context T' such that Dom(T") = {z1,...,2,} and
Judgments 'y, T'y,..., T, Fe: A.
Inference rules:

Const) Var)

(if it is assumed) To,..., T, Fax: A ( (Th(z) = A)
Tg,....T,Fet:A— B Tqy,...,T,Fey: A
I'g,...,T,Fees: B
To,....Tpte: O > A)
logy...,pp1 Funboxe: A

T T Fc Al
Lo,....T+(z:A)kFe:B
Iy,..., 0 FXze: A— B

To,....,Tp,The: A
Ty,...,I'y Fboxe: O > A)

(App)

(Abs)

(Box) (Unbox)

The rules for run and fix are similar.



2.3 Record Calculus A\

Our record calculus is the same as that in [3].
Variables z,y, z, . . ..
Constants ¢, .. ..
Record variables p, .. ..

Record labels 2/, 3/, 2, .... (We use x’ for record labels instead of x for clarity.)
Renaming Records r ::= {}|p|r + {z’ : x}.
Expressions e ::= c|z|\z.e[Ap.cleellet x = e in elfix fz.e|r|r -z’

2.4 Types for \p

Our types are standard for the simply typed lambda calculus with records.
Base types o, 3, . . ..
Types A, B :i= a|A — A|{z} : Ay,..., 2, : A, }.
Type contexts I, I1,.... A type context is a finite function from variables to types.
Judgments T'F e : A.

Inference rules:

Trc: A (Const)
F'+(z:A)kFe:B
'FAxe:A— B

(if it is assumed) F'Fax: A (Var)

I'e;: A— B FFSQ:A(App)

I'kees: B
Thr:{z]:A,...,20,: Ay} The:An
Phr4{a) el {ah Ao a g - Anga )
Phr:{a]: Ay, . 2, An}
D A

(D(2) = 4)

(Abs)

(RExt)

!/
n

(RAcc)

The rules for let and fix are similar.
Remark. We will not use

Thr:o{al Ay, .. 2, 0 An}
Phr:{z):A,...;20, : An, ...}

2.5 Term Translation

Our translation for terms is the same as [3].
L denotes the empty stack.

Renaming Record Stacks R ::= L|R,r where r is a renaming record. (We use a comma for the
separator instead of a semicolon.)

Contexts k ::= []|(Ah.k)e.

Context stacks K ::= L|K, k. (We use a comma for the separator instead of a semicolon.)

Translation judgment R F e — (e, K) where e is an expression in Ag and e is an expression in \g.

r(z') is defined by p(z') = p -2/, (r + {2’ : 2})(@’) =z, and (r + {¢' : y})(2’) = r(z) for ' # y'.

The context stack merge operator Ky X Ks is defined by 1L X Ky = Ko, K1 X 1 = K, and
(Kl,lil) X (K27I€2) = ((Kl X K2)7I€1[I€2]).

We define R+ e — (e, K) by the following inference rules.



Inference rules:

Rbcr (¢ 1) R,rtxzw— (r(z'), 1)
Rir+{z 2} e (¢ K) Rbei—(e1,K1) RbE e (e2, K7)

RyrkAz.e— (Ax.e, K) RF ejex — (e1 €2, K1 M K3)
Rpter (e (K, kK)) Rpker— (e, 1)
Rt box e (k[Ap.e], K) (pis fresh) Rt box e (Ap.e, L) (pis fresh)
Rter (e, K)

R,r b unbox e — (hr, (K, (Ah.[-])e)) (h is fresh)

The rule for run is defined similarly to unbox.

2.6 Type Translation

We define the record type (I') = {a} : A1,...,2, : Ay} if T = (21 : Ay,..., 20 Ap).
Our translation maps the Ag-type A to the Ag-type A. A is defined by

) n .

*=o
A— B=A— B,
Ol>A) =T) - A

where we define I' = (21 : Ay, ..., 2 : Ap) if T = (21 : Ay, ... 20 ¢ Ap).
By our translation, a modal type is mapped to a functional type with a record input. For example,
DOa is mapped to {} — a. The type O((z : ) — «) is mapped to {2’ : 8} — «.

The renaming record (p+{x} :x1,..., @) 4t Tnyr)) —{2] 121, ..., 2, ) is defined as p+ {2, | :
LTn4ls---s n—i—k $n+k}
We define type type context I'|s = F|{a:1, o} Where s = {1 wq,... 2], wp )

We define the pair I'(p + 5) = (p : ((T') = s),T),) consisting of the record variable type declaration
p: ((T) — s) and the type context I'|,.

K(e) is defined by L(e) = e and (K, k)(e) = K(kle]).

We will write AT.e = Azy...zp.candT - B=A4; — ... - A, —» BwhenT' = (21 : A4,...
We assume a fixed order in variables.

(po: Bo,T0),---y(pn : Bn,Tn) F (e, K) : Ais defined as - ko[ApoLlo.61[Ap1l1. . .. 6n[ApnDnee] .. ]
By —Tg— B —T1—...> B, > T, - Awhere K = (k},...,kL), ki =[] for0<i<n—m and
Kn-m+i = i} for 0 < i < m. The context stack (ko,...,#,) is obtained from (k},...,x% ) by padding
the dummy context [] to the left so that its length becomes n + 1.

We explain the meaning of I'(p + s). Let ro,...,7, F e — (e, K). Assume r; = p+ s and s = {z] :
X1y...,Th @y ). prefers to global type information given outside the box and s refers to variables bound
locally in the box. Suppose I'g,...,I';, F e : A. Then the type context for level i is I';. Type information
for s in I'; is for bound variables in the box, and the rest in I'; is for global type information outside the
box. They are given by the type context T; | and the record typing p : ((F )’ — s) respectively, which are
defined by T';(p + s).

We explain the meaning of (pg : Bo,[o),...,(pn : Bn,Tn) F (e, (ko,---,kn)) : A. Let k; = (Mh;.[])e;.
e;+1 is the body of an unbox at level ¢ + 1 and evaluated at level ¢ by using hg,...,hj—1,p;, ;. e is
evaluated at level n by using ho, ..., hn, pn, 'n. When we express this dependency by lambda abstraction,
the expression becomes ko[ApoLo. ... kn[ApnIn-€].. ]

We will use vector notation, for example, T for To,o.., Thq.

T Ap).

’ m

Lemma 2.1 IfT(r) F (e, K1) : A— B and T(r) I (e2, K») : A, then T(r) I (e1e2, K1 X K5) : B.

j=1,2and 0 <14 < n. By the first assumption, we have /i()()\pOHO kL (AL, 61) ) By — Iy —
... = B, — 1II, - A — B. By the generation lemma, we have h{ : Cé7p0 : BO,HO,...,hi1 : Cil,pi :
B;,II; - e}+1 : Cl+1 and h : CL,po : Bo,Ig,...,ht : Ct p,: By, I, Fe; : A— B for some C},... CL.

%

Proof. Let ITTS = ((po : Bo,ILp),...,(pn : Bn,1I,)). Let K; = (KJO,. w1) and k7 = (\hI.[])el for



Similarly the second assumption and the generation lemma give h3 : C3,po : Bo,o,...,h? : C% p; :
B, II; b e?,, : C2, and hj : Cg,po BO,HO,...,hfL : C2,pn : By, I, Foea : A for some C3,...,C2.

Hence h : C}, b3 : CZ, po : By, 1y, . .. :CE h2 : C2,py 2 By, 11, - eres : B. Hence we have the claim.

ns''n
O

Theorem 2.2 IfTy,....I'y Fe: Ain g and rg,...,rn F e (e, K), then To(rg),...,Tn(rn) F (e, K) :
A in )\R.

Proof. Im,(po : BoTo)y...,(pn : Bp,Tn) F (e,K) : A is defined as I F
ko[ApoTo.k1[ApiT1. .. kn[ApnTnee]..]] : Bp - Ty - By - T4 - ... - B, — 'y — A where
K = (K}, kL), ki =[] for 0 <i<n—m,and kp_pmyi = ki for 0 <i < m.

The claim is proved by induction on e.

Case z. Suppose T, T, Fz: A, T, [n(z) = A, and 7,1, b 2= (rn(2), L). Let rp = p+s. ro(2f) is
zor p-a’. Wehave I'y(r,) = (p: (Tn),Tls). Since T, (z) = A, wehavep:(f;)',fmsl—rn(x’):g.
Hence we have the claim.

Case Ax.e. Suppose

T lo+@:A)be:B o 4{: 2l ke (eK)
T),Fn FAr.e:A— B T, rn B Az.e— (Az.e, K)

By induction hypothesis, I?(?)), (Tp+ (2 : A))(rp+ {2’ : 2}) F (e, K) : B. Hence IT(?j,Fn(rn) F(A\z.e K) :
A— B.
Case ejey. Suppose
The:A—B Tle:A Thre—(e,Ki) TFey— (e Ks)
T heey: B T eres i (€1 g, Kq M Ky)

By induction hypothesis, Iﬁ F(e1, Kq) A — B and ITT’S F (e2, K2) : A. By Lemma 2.1, we have the
claim.
Case box e. Suppose

T.laFe:A T,pk e (e (K, K))
T Fboxe: o, > A) 7T F box e — (k[Ap.€], K)

By induction hypothesm ﬁ 7)', o) F (e, (K, k) : A. Tt is 1:(—r_)> F (k[Ap.g], K) : (1:;)' — A. Since
(I‘ >A)=(T n)’ — A, we have the claim.
Case unbox e. Suppose
?FED(FnDA) T)I—ep—)(g’K)
T,T,+Funboxe: A 7, r, Funbox e — (hry, (K, (Ah.[-])e))

By induction hypothesis, F( ) F (e, K) : F ) — A Let r, = p+s. We have p : ((I:v) - s),ﬁ]s H

vt (Tn). Hence h : (T,) — A4, ‘3 (p 3 ((T)' = 8),Tuls) © (hra, (K,[]) : A. Hence () F

((Mrp(Lyls).hrn)e, K) - ((F )'—s) — n|s - A It 18 F( ) (p: ((Fn)/ $),Tnls) F (hrn, (K, (AR.[])e)) : A.
Other cases are similar. O

Corollary 2.3 If (z1: A1,...,xn : Ap) b e: Aindg and p+ {2} 1 z1,...,
x1: A1,z Ay E K(e): A in Ag.

xh cxnt e (e, K), then

n

Proof. Let T' be the type context given by (xy : Ay,...,z, : A,). By Theorem 2.2, we have
FK(\pI'.e) : {} = T — A. Hence p: {},T F K(e) : A. Since p does not appear in K(e), we have the
claim. O

Corollary 2.4 If (z1 : Ay,...,zn : Ap),T1,....,T F e : A in g and p + {2} : x1,...,2),
Tty P1y--spn Fe— (e, K), thenxlel,...,xn:An,pl : (Fl) coypn s (Tp) F K(e): A in Ag.



Proof. Let Il = (21 : A1,...,2n : Ay). By Theorem 2.2, we have (p : {}, H) (—)> F (e, K) : A.
We have T;(p;) = (p; : (T3),¢). Hence b ko[ApILk1[Ap1. ... kn[Apn.€] .. ]] {—-1— (Fl) e —
(Fn) — A, Let ot Ky = (Ah; 2 [])ei. By the generation lemma, ho C’o,p {}, H hy : Cl,pl (Fl) hio
Ci—1,pi—1 ¢ (Tiz 1) Fe :C;for 0 <i<nandhg: Co,p {}Hh1 C’l,plz(Fl) hn:Cn,pn:
(Tn)' + e : A for some Cy, ...,C,. Hence p: {},1I,p: (I‘) F K(e) : A. Since p does not appear in K (e),
we have the claim. O

Remark. From the logical point of view, our type translation is just erasing the modality. Our type
translation roughly corresponds to the translation from modal logic to usual logic by mapping OA to A.

2.7 Examples

The examples are taken from [3].
Example 1.

1L+ box (Az.z)y) — (Ap.(Az.z)(p- o), L),
F box (A\z.z)y) : O((y : A) A),

FXp(Aza)(p-y) : {y' s A} — A

Example 2.

F1:N,
1+ box (unbox ((Az.x)(box 1))) — ((Ahp1.hp1)(Az.x)(Ap2.1)), L),
F box (unbox ((Az.z)(box 1))) : ON,

F (Ahp1.hp1)(Az.z)(Ap2.1)) : {} — N.
Example 3.
1+ box (Az.unbox (box z)) — ((Ahprz.h(pr + {2’ : 2}))(Ap2.p2 - ), L),
F box (Az.unbox (box x)) : O(A — A), o
F (Ahprz.h(pr +{2' : 2}))(Ap2.p2-2') : {} - A— A.
Example 4. Our type translation works well with variable capturing.
L = (Az.box (Ay.(unbox z)))(box y) — ((Az.(Ahp1y-h(pr +{y" : y}))x)(Ap2.p2 - ¥'), L),
F (Az.box (A\y.(unbox z)))(box y) : O(A — A),
E (Az.(Ahpry-h(pr +{y" : y}))z)(Ap2.p2 - y) - {} = A— A
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