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Greville’s Method for Preconditioning Least Squares Problems

Xiaoke Cui * V) Ken Hayami =1 2)

Abstract

In this paper, we construct a preconditioner for least squares problems min ||b —
Azxl|2, where A can be matrices with any shape or rank. The preconditioner itself is
a sparse approximation to the Moore-Penrose inverse of the coefficient matrix A. For
this preconditioner, we provide theoretical analysis to show that under our assumption,
the problem preconditioned by this preconditioner is equivalent to the original problem,
and the GMRES method can determine a solution to the preconditioned problem before
breakdown happens.

Keywords: Least Squares Problem, Preconditioning, Moore-Penrose Inverse, Greville Al-
gorithm, GMRES

1 Introduction

Consider a least squares problem,

min [|b — Az|2, (1.1)
where A € R™*" bh e R™.

Assume A is large and sparse, then iterative methods are preferred to use to solve 1.1.
In [6], Hayami proposed we can use GMRES [12] to solve least squares problems by using
some preconditioners. If we have a preconditioner B € R™*™ and we precondition 1.1 from
the left, we can transform problem 1.1 to

min ||Bb — BAz||». (1.2)
rER?
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On the other hand, we can also precondition problem 1.1 from the right and transform the
problem 1.1 to
min ||b — AByl|2. (1.3)
yeR™

Since generally A is rectangular and not necessarily full rank, after preconditioned, the prob-
lem might not be equivalent to the original problem 1.1. For this issue, please refer to [6].

In this paper, we use the idea, Approximate Inverse(AINV) Preconditioners [11] which
were originally developed for solving large sparse linear systems of the form,

Az =b. (1.4)

In this paper, since A is a general matrix, we construct an matrix M € R™*™ which is

an approximation to the Moore-Penrose inverse [10] of A, and use M to precondition least
squares problem 1.1.

The main contribution of this paper is to give out a new way to precondition general
least squares problems from the perspective of approximate Moore-Penrose inverse. Our
method also the includes RIF preconditioner[1] as a specific case. Hence, from our analysis,
we give a better insight to the RIF preconditioner. We also give a theoretical analysis on
the equivalence between the preconditioned problem and the original problem, and discuss
the possibility of breakdown when using GMRES to solve the preconditioned system.

The rest of the paper is organized as follows. In Section 2, we first introduce some the-
oretical results about the generalized inverse of rank-one update and the original Greville’s
method. Based on the Greville’s method, we give a global algorithm to construct a pre-
conditioner M which is an approximate generalized inverse of A in Section 3. In Section
4, we rewrite the global method into vector-wise form, and show that for full column rank
matrix A, our algorithm is equivalent to the RIF preconditioning algorithm|[1]. In Section
6 and Section 7, we prove that under certain assumption, using our preconditioner M, the
preconditioned problem is equivalent to the original problem, and the GMRES method can
determine a solution to the preconditioned problem before breakdown happens. In Section
8, we consider some details when we implement our algorithms. Numerical results are pre-
sented in Section 9. We conclude the whole paper in Section 10. We start with introduce
Greville’s Method.

2 Greville’s Method

Given a rectangular matrix A € R"*" rank(A) = r < min{m,n}. Assume the Moore-

Penrose inverse of A is known, we are interested in how to compute the Moore-Penrose
inverse of

A+cd’, ceR™ deR", (2.5)



which is a rank-one update of A. In [10], the following six logical possibilities are considered
1. c ¢ R(A), d & R(AT) and 1 + dT Afc arbitrary,
2. c€ R(A), d € R(AT) and 1+ dT Afc = 0,
3. c € R(A), d arbitrary and 14 dT Afc # 0,
4. c ¢ R(A), d € R(AT) and 1 + dTAfc =0,
5. c arbitrary, d € R(AT) and 1 + d” Afc # 0,
6. c€ R(A),d € R(AT) and 1 + dT Afc = 0.

Here R(A) denotes the range space of A. For each possibility, an expression for the Moore-
Penrose inverse of the rank one update of A is given by the following theorem[10].

Theorem 2.1 For A € R™", c € R™, d € R", let k = Afe, h = dTAT, uw = (I — AA)c,
v=d'(I — ATA), and B =1+ d" ATc. Notice that,
ceER(A) & u=0 (2.6)
de R(AT) & wv=0.

Then, the generalized inverse of A + cd” is given as follows.
1. Ifu#0 and v # 0, then (A+cd")T = AT — kut —oTh 4 BoTul.
2. Ifu=0andv #0, and 3 =0, then (A+cd")T = AT — kkTAT — oTh.

3. If u =0 and B # 0, then (A—l—ch)T:AT—F%kaTAT—(%pqu, where p1 =
_ (kI3 T )T__(WTT )
(Bv+k,q1— iR AT + 1),

4. Ifu#0,v=0and B =0, then (A+cd")T = AT — AThth — kul.

5 Ifv =20 and f # 0, then (A4 cd") = AT + %AThTuT — Uﬁqug, where py =

2
2
— (AT k). of = — (52T 1), and o = [B3ul3 + |51

6. Ifu=0,v=0and B =0, then (A+cd" )l = AT — kkTAT — AThTh + (KT ATRY)Kh.

To utilize the above theorem, let

n
A= Z CLZ'BZT, (28)
i=1
where a; is the ith column of A. Further let, A; = [a1,...,a;,0,...,0]. Hence we have
i
A=) ael, i=1,...,n, (2.9)
k=1
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and if we denote Ay = O xn,

A =A,_1+ aieT 1i=1,...,n. (210)

1

Thus every A;, i = 1,...,n is a rank-one update of A;_1. Noticing that Ag = Opxm, We
can utilize Theorem 2.1 to compute the Moore-Penrose inverse of A step by step and have
Af = A;rz in the end.

According to Equation (2.6), we are especially interested in Case 1 and Case 2. Substitute
¢ with a; and d with e;, we can rewrite Equation 2.6 as following,

ai ¢ R(Ais1) = u=(T—A 1Al Dai#0, v=el (I—Al_ A 1)#0 (211)
a; € R(Aifl) = u= (I — Ai,lAZT-_l)ai = 0, ﬁ =14 GZTA;[_ICLZ' =1. (2.12)

Equation (2.12) associates with the columns which are linear combinations of some of the
previous columns.

Then from Theorem 2.1, denoting Ay = 0, xn, We obtain a method to compte AZ based
on Al as
i—1

Al

)

_ {A31 + (e — AL @) (T = Ami Al Dai)t it a; @ R(Aia) (2.13)

A;-r_l + U%_(ei — A;r_lai)(A,}L_lai)TA;r_l if a; € R(Al_l)

where o; = 1 + ||k;||3. This method was proposed by Greville in the 1960s[5].

3 Global Algorithm for General Matrices

In this section, we will construct our preconditioning algorithm according to the Greville’s
method of section 2. First of all, we notice that the different part between case a; ¢ R(A;—1)
and case a; € R(A;_1) lies in the second term. If we define f; and v; as

ki o= Al a;, )
W= ai— Ak = (I - A AL, (3.2)
oi = 1+ |kill3, (33
(3.4)

. luill3 if  a; € R(Ai1)
fz { g; if aiER(Ai_l)’ (35)

= Ui if  a; ¢ R(Ai—1)
o {(All)Tki it a € R(Ai1)’ (3.6)



we can express Aj» in a unified form for general matrices, as

L1
Ji

(2

Al = Al + 2 (e = k], (3.7)

and we have

If we denote

K = [ki,... k], (3.9)

Vo= [vi,...,0), (3.10)
fi

Fr = o . 0|, (3.11)
0 - fu

we obtain a matrix factorization of Af as follows.

Theorem 3.1 Let A € R™ " and rank(A) < min{m,n}. Using the above notations, the
Moore-Penrose inverse of A has the following factorization

At = (1 - K)F T, (3.12)

Here I is the identity matriz of order n, K is a strict upper triangular matriz, F' is a diag-
onal matriz, whose diagonal elements are all positive.

If A is full column rank, then

V = A -K) (3.13)
AT = (I-K)FY(I-K)TAT. (3.14)
PROOF. Denote A; = [a1,...,a;], then since
ki o= Al a (3.15)
= [al,...,ai_l,O,...,O]Tai (316)
= [/L,l,O,...,O]Tai (317)
[ at

_ -Azbl a; (3.18)

[ ki,lv i

Kiiq

= e , 3.19
i (319

L 0




K = [ki,...,ky] is a strictly upper triangular matrix.

Since u; = 0 < a; € R(A;—1),

, luill3 if  a; & R(Ai-1)
fi { 0; if q; € R(Alfl) ’ (320)
Thus f;i(i = 1,...,n), are always positive, which implies that F' is a diagonal matrix with
positive diagonal elements.
If A is a full rank matrix, we have
Vo= Jui,...,up) (3.21)
= U= a0ahar, .., (1= Ay Al (3.22)
= [a1 - Aokl, ceey Qp — Anflk‘n] (323)
= A—[Aoky, ..., Ap_1ky] (3.24)
A—[Arky, ..., Anky) (3.25)
= A(I - K). (3.26)

The second from the bottom equality follows from the fact that K is a strictly upper trian-
gular matrix. Now, when A is full rank, can be decomposed as follows,

Al=(I-K)F W =T -K)F'(I-K)TAT. m (3.27)

Remark 1 From the about proof, it is easy to see that when A is a full column rank matriz,
(I - K)F~Y(I — K)T is a LDLT Decomposition of (AT A)~!.

Based on Greville’s method, we obtain a simple algorithm. We only want to construct a
sparse approximation to the Moore-Penrose inverse of A, hence, we perform some numerical
droppings in the middle of the algorithm to maintain the sparsity of the preconditioner. We
call the following algorithm the Global Greville Preconditioning algorithm, since it forms
or updates the whole matrix at a time rather than column by column.

Algorithm 1 Global Greville Preconditioning algorithm

1. set My =0

2. fori=1:n

3. ki = M;_1a;

4. u; = a; — Ai_1k;



5. ifu; #0
6. fi= il
7. V; = U4
8. else
9. fi=1+ k3
10. v = M | k;
11. end if
12. M; = M;_1 + %(ei — ky)vl
15. perform numerical droppings to MiT
14. end for

15. Get M, ~ AT.

Remark 2 In Algorithm 1, actually, we do not need to store k;, v;, fi, i =1,...,n, because
we form the MZ-]L explicitly.

Remark 3 In Algorithm 1, we need to update M; in every step, but actually we do not need
to update the whole matriz, since only the first i — 1 rows of M;_1 could be nonzero. Hence,
to compute M;, we need to update the first i—1 rows of M;_1, and then add one new nonzero
row to be the ith row.

Remark 4 We can also perform numerical droppings to k;. Thus, if k; is sparse, when we
update M;_1, we only need to update the rows which correspond to the nonzero elements in
k;. Hence, the rank-one update will be very cheap.

4 Vector-wise Algorithm for General Matrices

If we want to construct the matrix K, F' and V without forming M; explicitly, we can
use a vector-wise version of the above algorithm. In Algorithm 1, the column vectors of K
are constructed one column at a step, and we compute v; to compute the diagonal element
of F. Hence, it is possible to rewrite Algorithm 1 into a vector-wise form.

Since u; can be computed from a; — A;_1k;, which does not refer to M;_1 explicitly, to
vectorize Algorithm 1, we only need to form k; and v; = Mgl 1k; when linear dependence
happens, without using M;_1 explicitly.



Consider the numerical droppings are not used. Since we already know that

AT = (I-K)F VT

i vl
= (I-[k kn]) :
f—l UT
= 1
= ) (ei—k) o],
i=1 fi
for any integer p, it is easy to see that
- 1
Al = (e - ki)?v? (4.1)
i=1 !
Therefore, we have
vi = (AL)"k (4.2)
i—1 1
= (Z(ep - kp)fvg)Tkz (4.3)
p=1 P
i1
= Z f—vp(ep — kp)Tk‘l (4.4)
p=1"7
and
ki = A;Llai (4'5)
i—1 1,
= Z(ep — kp)f—vp a; (4.6)
p=1 P
i—2 1 1
= Z(ep — k:p)—vgai + (61_1 — ki_l)—viT_lai (47)
= o fim1
1
= A;r_zai + (61',1 — ki,l)ﬁviT_lai (48)

To make this more clear, from the last column of K, the requirement relationship can
be shown as

kn = Al _La,
/ AN
Aszan kp_1= AIhQan_l
/! AN / AN

AL_gan kn_o = Ai_gan—Q A:[Lfgan—l kp_o = Alfgan—Q



In other words, we need to compute every Aj-ak, k=14+1,...,n. Denote A;raj, j >1as
k; ;. In this sense, k; = k;—1;. In the algorithm, k; ;, j > ¢ will be stored in the jth column
of K, if j =i+ 1, k; j; = kj, and it will not be changed any more. If j > i+ 1, k; ; will be
updated to k;11,; and still stored in the same position.

Based on the above discussion, and add the numerical dropping strategy, we can write
the following algorithm. In the algorithm, we omit the first subscript of &; ;.

Algorithm 2 Vector-wise Greville Preconditioning Algorithm

1. set K == Oan

2. fori=1:n

3. u=aqa; — A;_1k;

4. ifu#0

5. fi = llull3

6. Vi = U

7. else

8. fi=kill3 +1

-1

9. vi= (Al ) ki =" —vplep — k) "k
10. end if p=1 77
11. forg=14+1,...,n
12. kj =k;+ Uz}jj (e; — k‘l)
15. perform numerical droppings on k;
14. end for
15. end for

16. K = [k1,...,kn], F = Diag{f1,..., fn}, V =[v1,..., 0]

If we consider the expression of v;, we can rewrite Algorithm 2 as the follows.

Algorithm 3 Vector-wise Greville Preconditioning Algorithm

1. set K = zeros(n,n)

2. fori=1:n

3S. u=a; —A;_1k;
4. ifu#0

J. fi = llull3



0. V; = U
7. forj=i+1,...,n
8. By = Ky 4 P (e — ky)
9. perform numerical droppings on k;
10. end for
11. else
12. fi = |IKill3 +1
13. Vi = (A;'r—l)Tk?i = Z;_:ll ;jvp(ep - kp)Tk'i
14. forj=i+1,....n
15. k‘j = k‘j + kz}zkj (ei — k’l)
16. perform numerical droppings on k;
17. end for
18. end if
19. end for

20. K =1ki,....,kn], F=Diag{f1,...,fu}, V =[v1,...,0p].

Remark 5 For the full column rank case, we already showed that V = A(I — K). Hence, we
do not need to store matrix V in this case. However, it does not mean that for the general
case, we need to store the whole matriz V. In fact, we only need to store the vectors of V
which correspond to the columns a; € R(A;—1). Hence, if the rank deficiency is small, the
extra storage is small.

5 Greville Preconditioning Algorithm and RIF Preconditioner

In this section, we especially take a look at the full column rank case. When A is full
column rank, both Algorithm 2 and Algorithm 3 can be simplified as follows.

Algorithm 4 Vector-wise Greville Preconditioning Algorithm for Full Column Rank Ma-
trices

1. set K = Opxn

2. fori=1:n

3. U; = A — Ai—lki
fi = lluall3

4
5. forj=i+1,....n
6
7.

ula;
kj :kj—i- Zfi’(ei—k‘i)

perform numerical droppings on k;

10



8. end for
9. end for
10. K:[k'l,...,kn],F:Diag{fl,...,fn}.

In Algorithm 4,

u = a;—Ai1k;

C hip T
—kii1
= [al,...,ai,O,...,O] 1
0
L 0
= Ai(ei — ki)
= A(el—kz)

If we denote e¢; — k; as z;, then u; = Az;.

The Line 6 in the Algorithm 4, can also be rewritten as

T

u; a;
ki = kj+——%(ei — ki)
i[5
T
u; a;
ej—kj = ej—kj— 5 (ei— ki)
i[5
T
zj = zj— Z;.
’ T uill3
T,.
Denote d; = ||u;]|3 and § = uldi. Then combining all the new notations, we can rewrite
i

the algorithm as follows.

Algorithm 5

1. set Z = I,xn,
2. fori=1:n
3. U; = Aizi

4. di = (ug, u;)

11



5. forg=i+1,...,n

6 g = (i)

7. z; = zj — 0z
8 end for

9. end for

10. Z =|z1,...,2n), D = Diag{dy,...,d,}.

Remark 6 Since z; = e¢; — k;, we have Z = I — K. Denoting D = Diag{dy,...,d,}, the
factorization of AT in Theorem 3.1 can be rewritten as

AT =zD 1z AT (5.1)

Thus, we can see that Algorithm 5 is exactly the same as the RIF preconditioner, which
was proposed based on a A” A-orthogonalization procedure, by Benzi and Ttima [1].

Theorem 5.1 For full column rank matrix A € R™ " rank(A) = n, the Greville Pre-
conditioning Algorithms we proposed in this paper are equivalent to the Robust Incomplete
Factorization Preconditioning Algorithm proposed in [1].

6 Equivalence Condition

Consider solving the least squares problem (1.1) by transforming it into the left precon-
ditioned form,
min || Mb— M Az||2, (6.1)
TeR™

where A € R™*"™ M € R™™, and b is a right-hand-side vector b € R™.

When preconditioning a least squares problem, one important issue is whether the so-
lution of the preconditioned problem is the solution of the original problem. For square
nonsingular linear systems, the condition for this equivalence is that the preconditioner M
should be nonsingular. Since we are dealing with general rectangular matrices, we need some
other conditions to ensure that the preconditioned problem (6.1) is equivalent to the original
least squares problem (1.1).

First note the following [6], where R(X) denotes the range space of matrix X.

12



Lemma 6.1

b— AxzT|ls = min ||b— A
|| T 2 ;gg}b\l P

and
|Mb — M AzT ||y = min ||Mb— MAz||
xER™

are equivalent for all b € R™, if and only if R(A) = R(MTMA).

If we perform any of Algorithm 1, Algorithm 2 and Algorithm 3 completely and exactly,
we will finally have an exact Moore-Penrose inverse of A, i.e. M = Af. However, we need to
performe some numerical droppings to control the sparsity of the preconditioner M. Assume
the dropping threshold is 7. After dropping the elements in k; which are smaller than 7, k;
becomes 15, This results in u; becoming #;, and v; becoming v;. Hence, the norm of u; may
not be an accurate way to detect if a; € R(A;—1) or a; € R(A;—1). We will come back to
how to detect the linear dependence later. After droppings, K becomes K, F becomes F,
V becomes V, and we have

At M =1 -K)F~'WWT, (6.2)

To analyze the equivalence between the original problem (1.1) and the preconditioned
problem (6.1), where M is from any of our algorithms, we first consider the simple case, in
which A is a full column rank matrix. After numerical droppings, we have,

At~ M= (I-K)FUT, (6.3)

where U is 3 3
U=A(-K). (6.4)

Notice that K is a strictly upper triangular matrix and F is a diagonal matrix with positive
elements. Hence, we can denote

M =CAT, (6.5)

where C' is an nonsingular matrix. According to the discussion in [6], we have the following
result.

Theorem 6.1 If A € R™*", and A is full column rank, by Algorithm 1, Algorithm 2 or
Algorithm 8 with numerical droppings, we can construct a preconditioner M. With this
preconditioner M, the preconditioned least squares problem and the original least squares
problem are equivalent and GMRES can determine a least squares solution to the precondi-
tioned problem before breakdown.

For the general case, we still have K and F nonsingular. However, the expression for V is
not straightforward. To simplify the problem, we assume that there is no zero column
in A, and our algorithm can detect all the linear independence correctly. Hence,
if we denote {a;,, ai,, ..., a;. } to be the maximum linear independent columns set of A, with
1 =14 < ip < ... < 1 and there is no other maximum linear independent columns set

13



in {a1,...,a; }, so that this maximum linear independent columns set is uniquely defined.
Then we will have w;,, ..., u;, such that |lu;|l2 # 0, j=1,...,r,and v;; = u;;, j=1,...,7.
For every u;;, the following relation still holds.

u’ij = aij - Aijfll’%ij
= A(I — k )eij
Rewriting the 12th line of Algorithm 1 with numerical droppings, we have
1 AT
M; = M; 1 + f(ei — ki)v; - (6.6)
7
From the above equation, we can see that every row of M; is a linear combination of the vec-
tors ﬁg, 1 < k <i. For example, the kth row of M; is a linear combination of 6?, 172T, . ,ﬁiT .
Then we have
R(MT) = span{y, ..., ). (6.7)

Now consider the columns a;, 1 = i1 < i < i3 > 2. According to our assumption, all the
columns a;,1 < ¢ < iy are linearly dependent on a;.

vy = MTk
e R(MT)
= span{0;}
= span{u; }.
From the above relationship,
R(MJ) = span{dy, o}
= span{u;}
R(MY),
and similarly,
o3 = MJks
R(My)
= R(M/)

= span{u; }.

m

Then, in the same way, we have
R(Mg_l) = span{u }. (6.8)
Hence, generally,

R(MI) = span{oy,..., 0} (6.9)
= span{d;,,..., U}, (6.10)

14



where i1,...,i € {i1,...,ir}, where iy < i and iyaci41,} > 4. Noticing the fact that,

ﬂi :A(I—K)ei, (6.11)
we have the following theorem.

Theorem 6.2 Let A € R™*" m > n, and rank(A) = r, and assume that the linear inde-
pendence is detected correctly by Algorithm 1, Algorithm 2 or Algorithm 3. Then, we have
the following relationships, where M is the approxzimate Moore-Penrose inverse constructed
by any of these algorithms,

R(MTY = R(V) (6.12)
= span{ui,,..., U} (6.13)
= R(A). (6.14)

Combine the above theorem and

Theorem 6.3 [6] For all b € R™, the equation BAxz = Bb has a solution, and the solution
attains mIiRn |b — Az||2, if and only if R(A) = R(BT).
TeR™

we have the following

Theorem 6.4 For allb € R™, M is constructed by Algorithm 1, Algorithm 2, or Algorithm
3, assume that all the linear independence is detected correctly by any of these algorithms,
and used as a left preconditioner, the least squares problem (6.1) is equivalent to the original
least squares problem (1.1).

Remark 7 About our assumption, we assume that our algorithms can detect all the linear
independency in the columns of A. Hence, we allow such mistakes that a linear dependent
column is judged as a linear independent column. An extreme case is that we judge all the
columns of A as linear independent, in this way, we obtain the RIF preconditioner.

7 Breakdown Free Condition

In this section we assume without losing generality that the first » columns of A are
linear independent. Hence,
R(A) = span{ai,...,ar}, (7.1)

where rank(A) = r, and a;, (i = 1,...,r) is the ith column of A. The reason is that we can
incorporate a column pivoting in Algorithm 1 easily. With the same assumption as in The-
orem 6.2, every time when a linear dependence is detected, we can pivot the current column
to the end of the matrix A, and after we have the least squares solution to the pivoted A,
we can permute the solution to get the solution to the original problem.

15



Then we have,
a; € R(A), i=r+1,...,n. (7.2)

In this case, after performing Algorithm 1 with numerical dropping, matrix V can be written
in the form

V= [ain, .oyl s - Op. (7.3)
If we denote [iiy, . .., 4,] as U, then
7 % Ir><'r
U, = A - K)I,, I, = [ ; ] . (7.4)

From Equation (6.14)-(6.17), there exists a matrix H such that
[Orit1y...s0n] = UH (7.5)
A(I — K)I,H, (7.6)

where H is an appropriate matrix, the size of H is r x (n —r). It could be singular or
nonsingular. Then the whole V is given by

V o= [d1,..., %, Opt1y...,0n) (7.7)
= [0, ,U H] (7.8)
= U, [Ix, H] (7.9)
= A(I-K) [I’“OX”] [Iw, H] (7.10)
= A(I-K) [L‘X” 151] : (7.11)
Hence,
M=(I-KF! {IHXT o] (I — K)TAT, (7.12)
From the above equation, we can also see the difference between the full column rank case
and the rank deficient case lies in s
rXr 0
|:Hr><n7" O] , (7.13)
which should be an identity matrix when A is full column rank.
If there is no numerical dropping, M will be the Moore-Penrose inverse of A,
t —1 | Lrxr O T AT
A'=(I-K)F T o (I-K)" A" (7.14)

Comparing Equation (7.12) and Equation (7.14), we can have the following theorem.

16



Theorem 7.1 Let A € R™*", and rank(A) = r. Assume that all the linear independence
is detected by Algorithm 1, Algorithm 2 or Algorithm 3. Then the following relationships
hold, where M denotes the approrimate Moore-Penrose inverse constructed by any of these
algorithms,

R(M) = R(AD (7.15)
= R(AT) (7.16)

Based on Theorem 6.2 and Theorem 7.1, we have the following theorem which en-
sures that the GMRES method can determine a solution to the preconditioned problem
M Ax = Mb before breakdown happens for any b € R™.

Theorem 7.2 Let A € R™*", and rank(A) = r. Assume that all the linear independence
is detected by Algorithm 1, Algorithm 2 or Algorithm 3. Then using the preconditioner M
which is constructed by Algorithm 1, Algorithm 2 or Algorithm 3, GMRES can determine a
least squares solution to

y?elﬁ%% |MAx — Mb||2 (7.17)

before breakdown happens for all b € R™.
PROOF. According to Theorem 2.1 in [2] by Brown and Walker, we only need to prove
N(MA) =NATMT), (7.18)

which is equivalent to
R(MA) = R(ATMT). (7.19)

Using the result from Theorem 7.1, there exists a nonsingular matrix 7', such that A =
MTT. Hence,

R(MA) = R(MMTT) (7.20)
= R(MMT) (7.21)
= R(M). (7.22)
On the other hand,

R(ATMT) = R(ATAT™Y) (7.23)
= R(ATA) (7.24)
= R(AT). (7.25)

The proof is completed using Theorem 7.1. O
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Remark 8 From the proof of the above theorem, we have R(MA) = R(M), which means
that the preconditioned least squares problem (6.1) is a consistent problem.

Thus, with Theorem 6.4 and Theorem 7.2, we finally obtain our main result for our
Greville preconditioner M.

Theorem 7.3 Let A € R™*"  and rank(A) = r. Assume that all the linear independence
is detected by Algorithm 1, Algorithm 2 or Algorithm 3, and that the preconditioner M is
computed using one of these algorithms. Then, for all b € R™, preconditioned GMRES
determines a least squares solution of

mIiRn |MAx — Mb||2 (7.26)
rzeR?

before breakdown and this solution attains mIiRn |b — Az||2.
zeR?

8 Implementation Consideration

8.1 Detect Linear Dependence

In Algorithm 1, Algorithm 2, and Algorithm 3, one important issue is how to judge the
condition |lu;|| # 0 in the ”if” statement. Simply speaking, we can set up a tolerance T
in advance, and switch to "else” when ||u;||2 < 7. However is this good enough to help us
detect the linear dependent columns of A when we perform numerical dropping? To address
this issue, we first take a look at the RIF preconditioning algorithm.

The RIF preconditioner was developed for full rank matrices. However, numerical exper-
iments showed it also works for rank deficient matrices. For this phenomenon, our equivalent
Algorithm 4 can give a better insight into the RIF preconditioner. Since the only possibility
for the RIF preconditioner to breakdown is when f; = 0, which implies that w; is a zero
vector. From our algorithm, we know that

U; = Q5 — Ai—lki (8.1)
= Q; — Ai—lAI_lai 8 2)
= (I - Ai_lA,}Lil)ai. (83)

It is clear that u; is the projection of a; onto R(A;_1)*. Hence in exact arithmetic u; = 0 if
and only if a; € R(A;—1). Our algorithm has an alternative when a; € R(A;_1) happens, i.e.
when u = 0, our algorithm will turn into ”else” case. However, this is not always necessary,
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because of the numerical droppings. With numerical droppings, the u; is actually,

U; = Q5 — Ai,ﬂ%i (84)
= a; — Ai,lMi,lai (85)
£ 0. (8.6)

Hence, even though a; € R(A;—1), since u; will not be the exact projection of a; onto
R(A;_1)"*, the RIF algorithm will not necessarily breakdown when linear dependence hap-
pens.

The RIF preconditioner does not take the rank deficient columns or nearly rank deficient
columns into consideration. Hence, if we can capture the rank deficient columns, we might
be able to have a better preconditioner. Assume the M we compute from any of our three
algorithms can be viewed as an approximation to A" with error matrix E € R"*™,

M=A"+E. (8.7)

First note a theoretical result about the perturbation lower bound of the generalize inverse.

Theorem 8.1 [15] If rank(A + E) # rank(A), then

1

I(A+E) — ATy > .
1E1]2

(8.8)

By Theorem 8.1, if the rank of M = A 4+ E from our algorithm is not equal to the rank
of AT, (or A, since they have the same rank), by the above theorem, we have,

1

Mt — (AN, > 8.9

| (AN & (8.9)
1

= |MT—All, > ——. 8.10

| [ & (8.10)

The above inequality says that, if we denote Mt = A4 AA, then ||AA|l5 > IIEEHz' Hence,

when || E|| is small, which means M is a good approximation to A, M can be an exact
generalized inverse of another matrix which is far from A, and the smaller the ||E||2 is, the
far M1 from A is. In this sense, if the rank of M is not the same as that of A, M may not
be a good preconditioner.

Thus, it is important to maintain the rank of M to be the same of rank(A). Hence, when
we perform our algorithm, we need to sparsify the preconditioner M, but at the same time
we also want to capture the rank deficient columns as many as possible, and maintain the
rank of M. To achieve this, apparently, it is very import to decide how to judge when the
exact value u; = [|[(I — Ai_lAI_l)ang is close to zero or not based on the computed value

19



;= |(I — Aim1M;i—1)a;|2.

Taking a closer look at w;, we have

w = a; — A1 M;_qa;
= a; — Aifl(AI_l + El)ai
= (a;i— A1 Al @) — Ai_1Eqa;
= U; — Ai_lElai.
When a; € R(Ai_l), U = a; — Ai—lAzflai = 0. Then,

ai = —Ai,lElai (815)
laill < [[AicillFllaill2ll Erll e, (8.16)
If we require F; to be small, we can use a tolerance 71. If

[t:]l2 < Tl Ai1|lFllaill2, (8.17)

we suppose we detect a column a; which is in the range space of A; 1.

Another consideration is,

i = a;— A1k
= Qa; — Ai_l(kii + 82)
= (a; — Ai—1ki) — Ai—1e2

= U; — Ai_1€2.
When a; € R(Ai_l), U; = A — Ai_lki = 0, then,

’ELZ' == —Ai_1€2 (822)
a2 < [[Ai-1lFllezll2- (8.23)

If we require €5 to be small, we can use a tolerance 79. Hence, if
ltill2 < 72l Ai-1]lF, (8.24)

we judge that we have detected a column a; which is in the range space of A4; ;.

8.2 When m<n

So far we assume A € R™*™ and discussed the left-preconditioning. When m > n, it is
better to perform a left-preconditioning since the size of the preconditioned problem will be
smaller. When m < n, a right-preconditioning will be better. In this subsection we will show
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that all the results for left-preconditioning can be extended to the right-preconditioning case.

We would like to remark that it is more preferable to perform Algorithm 1, Algorithm 2
or Algorithm 3 to A” rather than A when m < n, based on the following three reasons. By
doing so, we construct M , an approximate generalized inverse of AT, hence, we can use MT
as the preconditioner to the original least squares problem.

1. By taking a look at the Algorithm 1, Algorithm 2 or Algorithm 3, we can find out
that we construct the approximate generalized inverse row by row. Hence, we perform
a loop which goes through all the columns of A once. When m > n, this loop is
relatively short, however, when m < n, this loop could become very long, and the
preconditioning will be more time-consuming.

2. Another reason is that, linear dependence will always happen in this case even though
matrix A is full row rank. If m << n, then when we perform the precondition algorithm
on A, a lot of linear dependence should be detected. This fact makes it more difficult
to capture the rank deficiency of A, and may result in a bad preconditioner.

3. Even though our algorithms can detect the linear dependence accurately, if we look at
the algorithms, for a certain column a; of A, it is more expensive to deal with than
when a; is independent of the space spanned by the previous columns.

First we consider full row rank case, in which we perform our algorithm on A”. According
to Theorem 3.1, there is a nonsingular matrix C such that M = C(AT)T. Our preconditioner
M = M7T would be ATCT, and if we use it as a right preconditioner, combine Lemma 8.1
[6], it is easy to obtain Theorem 8.2.

Lemma 8.1 m]iRn |b— Azl = mﬂi§n |b — ABz||2 holds for all b € R™ if and only if R(A) =
zE€R™ z€R™

R(AB).

Theorem 8.2 Let A € R™*"™ and A is full row rank, by Algorithm 1, Algorithm 2 or Algo-

rithm 8 with numerical droppings, we can construct an preconditioner M. With this precon-

ditioner M, the preconditioned least squares problem and the original least squares problem

are equivalent and GMRES can determine an least squares solution to the preconditioned
problem before breakdown.

For general case, by using Theorem 6.2, we have
R(MT) = R(AT), (8.25)

which is saying that,
R(M) = R(AT), (8.26)

where M = M7 .
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Theorem 8.3 Let A € R™*" m < n. M is constructed by Algorithm 1, Algorithm 2, or
Algorithm 3. Assume that all the linear independence is detected by any of these algorithms,
and M is used as a right preconditioner, the least squares problem

min [|b — AMz||2 (8.27)
z€ER™

is equivalent to the original least squares problem (1.1), for all b € R™.
And by using Theorem 7.1, we have
R(M) =TR(A), (8.28)

which is saying that
R(MT) =R(A). (8.29)

Hence if we use M as a right preconditioner, we can have the following theorem for
m < n case.

Theorem 8.4 Let A € R™" m < n, and rank(A) = r. Assume that all the linear
independence is detected by Algorithm 1, Algorithm 2 or Algorithm 3. M is constructed
by using one of these algorithms, used as a right preconditioner. Then for all b € R™,
preconditioned GMRES can determine a least squares solution to

min ||[AMz — b2 (8.30)
z€R™

before breakdown happens, and this solution attains mg&n b — AMz||o = mIiRn b — Az]|2.
zeR™ zeR?

9 Numerical Examples

In this section, we use a matrix lp_cycle from the Florida University Sparse Matrices Col-
lection, where zero rows are omitted. Detailed information is given in Table 1.

Table 1: Information on the matrix

Name | m n rank | nnz | rank deficiency
A 3371 | 1890 | 1875 | 21234 15

The condition number of A, which is given by Z:L((ﬁ))’ is 1.46 x 107. We construct the

preconditioner M and perform the BA-GMRESI6] which is given below.

Algorithm 6 BA- GMRES
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1. Choose xq

2. 7o = B(b— Axg)
3. v = fo/”fo”g

4. fori=1,2,... .k
d. w; = BAv;

6. forj=1,2,... i

7. hji = (w;, vj)

8. W; = W; — hj,ivj

9. end for
10. hiy1i = |will2
11. Vip1 = wi/Phig1
12. Find y; € R® which minimizes ||7||2 = ||||Foll2e; — Hiyll2
13. x; =z + [v1,. .., 0]y

14. r; = b— Azx;

15. if ||ATr;||2 < e stop
16. end for

17 xog = xp

18. Go to 2.

The BA-GMRES is a method that solving least squares problems with GMRES by precon-
ditioning the original problem with a suitable preconditioner B.

In the following example, the right hand side vector b is constructed artificially so that
the true solution is all ones vector. In this section, we use

i]l2 < 107 Aia | pllail2, (9.1)

the criterion to judge if we need to switch to the "else” case. When the switching tolerance is
zero, it implies that we are constructing RIF preconditioners. The stopping rule for GMRES
is

AT (b — Az)|o <1078 - || ATb]|5. (9.2)
In this example matrix A, we know that the rank deficient columns are,

182 184 216 237 233
717 754 961 1221 1239 (9.3)
1260 1261 1278 1640 1859,

15 columns in all. In the following example, we can see that our preconditioning algorithm
can detect most of them precisely.
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Table 2: Numerical Results

Tk nnz in K, F, V | rank(V) deficiency detected ITS | Pre. T | Its. T | Tot. T

1071 156082 NaN 182th + 3.14 RIF
244633 1875 | —1260, —1261, —1278 | 1676 7.88 | 49.20 | 57.07

1072 282707 NaN 182th + 4.00 RIF
542066 1875 | —1260, —1261, —1278 | 1376 | 14.52 | 35.40 | 49.73

1072 584959 NaN 182th + 4.55 RIF
1103814 1875 | —1260, —1261, —1278 | 905 | 24.86 | 18.00 | 42.86

1074 742283 NaN 182th + 4.98 RIF
1875272 1875 —1239, —1278 204 | 40.41 2.37 | 42.78

107° 76220 NaN 182th + 5.03 RIF
2449916 1873 41537, +1545 111 | 54.16 1.19 | 55.34

107° 788238 NaN 182th + 5.14 RIF
2932859 1873 41537, +1545 96 | 65.58 0.76 | 66.34

N.E. 374 0.00 5.94

In Table 2, we compared the RIF preconditioners and the preconditioners constructed by
Algorithm 3. In the last row, we have the result computed by using the GMRES to solving
the normal equation AT Az = ATb. The rows with "RIF” in column "Its. T” are results
of the RIF method. For this problem, the RIF preconditioning algorithm broke down for
all the dropping tolerance 7. The column "nnz in K, F, V" gives the numbers of nonzero
elements in K, F,V, i.e. it is nnz(K) 4+ nnz(F) 4+ nnz(V). The column "rank(V)” gives the
rank of V. According to our analysis before, K and F' are always nonsingular. The column
”deficiency detected” gives the linear dependent columns detected by the RIF method or
our algorithm. —1260 means the 1260th column, which is a rank deficient column is missed
by our algorithm. +1537 means the 1537th column, which is a linear independent column,
is recognized as a rank deficient column by mistake. For RIF precondition, we have 7 182th”
in the table, which means that RIF broke down at 182th column, which is the first linear
dependent column in A. For our algorithm, we successfully avoided the breakdown. In this
column, we gave the number of linear dependent columns we detected by our algorithm,
and gave the specific column numbers in the next rows. For other columns, ”ITS” means
iteration numbers, ”Pre. T” means preconditioning time, ”Its. T” means iteration time,
and ”Tot. T” means total CPU time.

In Table, 2, we found that when 7, = 107!, 1072, 1073, our algorithm detected 12
linear dependent columns, and when 7, = 10™4, our algorithm detected 13 linear dependent
columns. And all these linear dependent columns we detected are correct. Hence, our
assumption is satisfied. When 7, = 107°, 1075, our algorithm gave 17 linear dependent
columns, in which 15 of them are correct and 2 of them are wrong. Hence, in this two cases,
our algorithm did not detected all the linear independent columns in A, our assumption
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is not satisfied, which implies the preconditioned problem is not equivalent to the original
problem. However, from Table 2, we can see that the GMRES still converged to a good
enough approximate solution. From the following figure, we can have a better insight into

this situation.

Figure 1: Convergence Curve for Numerical Example 1
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From Figure 1 we can see, when the dropping tolerance 7, = 10 10 T—
’ ’ " | ATDl2

reached 107 first and then went back to level 1075, and then maintained at the level. This

phenomenon illustrates our assumption very well.
10 Conclusion

In this paper, we proposed a new preconditioner for least squares problems. And we
showed that when matrix A is full rank, our preconditioning method is the same as the
RIF preconditioner[l], and when A is rank deficient, our preconditioners still work while
the RIF preconditioner may break down. We proved that under certain assumption, using
our preconditioners, the preconditioned problems are equivalent to the original problems.
And also under the same assumption, we showed that the GMRES method can determine
a solution to the preconditioned problem before breakdown happens. And in the numerical
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experiment part, our numerical results confirmed our theories.
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