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Abstract

The most commonly used iterative method for solving large sparse least squares problems
wnenrrtl b — Ax||2, A € R™*™ is the CGLS method, which applies the (preconditioned) conjugate gra-
dient method to the normal equation AT Ax = A"b.

In this paper, we consider alternative methods by using an n X m matrix B and applying the
Generalized Minimal Residual (GMRES) method, which is a robust Krylov subspace iterative method
for solving systems of linear equations with nonsymmetric coefficient matrix, to zlgli%nm |b — ABz||2 or
Jnin ||Bb — BAz|».

Next, we give a sufficeint condition concerning B for the proposed methods to give a least squares
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solution without breakdown for arbitrary b, for over-determined, under-determined and possibly rank-
deficient problems. Then, as an example for B, we propose the IMGS(!) method, which is an incomplete
QR decomposition.

Finally, we show by numercial experiments on full-rank over-determined and under-determined prob-
lems that, for ill-conditioned problems, the proposed method using the IMGS(0) method, which is
equivalent to diagonal scaling, gives a least squares solution faster than previous preconditioned CGLS

methods.

Key words: least squares problems, iterative method, Krylov subspace method, GMRES method,
CGLS method, preconditioning.
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1) Jnin [[b— Az

0000. 000,4A0mxn00000,m>n0m<n000000000000000. OO,
rankA < min(m,n) 0000000000,00000000000000000000.
0()0oooooo

2) AT Az = A™b
gooooo.
1.1 000

00000 (Om>n00000000000)000O00O00OO0OOO,00000000.000
0000000,00 A0, mxn00000 Q(Q™Q=1,)0,nxn000000 ROOO A=QR
O000O0. 00000, Householder O, 00 Gram-Schmidt O, Givens0OOOOO0O. 00O, (2)
00 RFRe=R™Q™bp000000.00,rankA=n00 ROODODOOO, Re=Q"™0O0O0OO0O0O0O
00,0 (H)O0D0oO00O0 0000.

000,A0000000000,0000000000000000000000 ( Bjorek (1996) ).

1.2 0J0OO0o0Oooogoobooo

googdboooodbobo,doobboooob bbb bob.bboooobD
000000000000 00000D Bjorck (1996) 00 0O00O0OO0O. 00,00000000000
000000 Tanabe (1974,1975) O O0O.

00000 (2)00000 A"ADDOOODOUOODO0OOO0,rankA=n0000000,000000
0000000000000 Conjugate Gradient Least Squares (CGLS) D0 OO0 O0O0OODOODOO.



CGLS O

Choose x.
’f‘o = AT(b - A:l:o)
Py = To

for i =0,1,2,... until |72 <€
(’F’iv’;'i)

(p;, AT Ap;)

Tit1 = T; + q;p;

Q; =

Tip1 =7T; — o AT Ap,
Bi - M
(Ti—la Ti—l)

Piv1 = Tiv1 + Bip;
endfor

0000,00000000 ADODOOOOO Af,rankA=r,00,0000000004,0,000
0,A00000

01
K(A) = Al ATz = —
Or

000000 (000 Bjérek (1996) 00). 000,

K(ATA) = (%)QZH(A)Q
goo.

CGLSOO0O0O0OUODO (ADUODOO0OOUDOUODOOOUOO0)A0OUD k(A ODOUDDDOOOOO
000000 (Bjorck (1996)00 ). OO0, 0000000000 CGLSOUOOOUOUOUODODO,
00o0oooooooo0. 0ooooooooo0, ATADODoDoooooooooooooo. oo
00,0000000000000 ( Meijerink - van der Vorst (1977) ), D000 QR OO ( Jennings -
Ajiz (1984), Saad (1988) ), 000 Givens 000 ( Bai - Duff - Wathen (2001) ), 000000000
0 ( Benzi - Tuma (2003) ) 0000000000000,

000000 QROOODODOO Jennings - Ajiz (1984) 00000000000 Gram-Schmidt(IMGS)

gooo.

A=[ay,...,a,), eV =a; (i=1,...,n),r0000000000,
fori=1,2,...,n
(%) o
ri = llai"z 4=
forj=i+1,...,n
()
J
if |7"ij| < ’7'||a1‘||2 then Tij = 0
(i+1) _
a;" " =
endfor

i

_ 4T

Tij = qi a
(2)

a;  —Tijg;

endfor



00, Saad (1988) 0O 0O UOO0OO0O00DO0OOO Gram-Schmidt(IMGS) DOOO0OOOOO.

po,pr 00000000

fori=1,2,...,n
®

2

ri = [lal” |2, q; = —-
K22
Determine the pg largest elements of g; and assign 0 to the other elements.

forj=i+1,...,n

Ty = qiTay)
Determine the pr largest r;;’s for 4 +1 < j < n and assign 0 to the others.
- A
a? ) = a;l) —Tij4q;
endfor
endfor

goodouooooobooood R:(rij)DDDDDDDDD (2)|Z|
(3) Az = b,
ooo,

A=R"A"AR™', &=Rx, b=R "A"b,

0o0o0o0o,0 3)0cGLsooooon.

1.3 000bOooogobobbodgo

0000000000,0 (3)00000 AR!'00000000000000000000000
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(00 -00 (2002), 00 (2003), 00 - 00 (2003) ). 00,00 BAOOOOOOOOOOOODO
GMRES 0000000000000 (Ito - Hayami (2004), 00 - 00 (2004), 00 - 00 (2004,
2005) ). 000, m>n00000000,m<n0000,A000000000000000,00
00000 bL00000000000000000000000000 BOOOOOOOOO00. O
00,00000000000000000000000000000000000000.
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Saad - Schultz (1986) O GMRES O (Generalized Minimal Residual method) O, 00000000
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000000000000 0000O00D (COUOOOD0D)GMRES(k)OODOOOOOOO. (k=0
00000 GMRESOOOOOO.)

GMRES(k) O
Choose xg.

* o= b—A:l:o
[[roll2
fori=1,2,...,k

hji = (Avi,v;)  (j=1,2,... i)

U1

7
b1 = Avi — Y hjv;
Jj=1

hit1,i = ||Vit]l2
o i
Vil = Piv1
Find y; € R which minimizes ||r;||lz = || [|roll2e; — H; y H2 .

if ||ri]]2 < € then
x; =xo + [v1,...,0i]Y;
stop
endif
endfor
Ty = Ty,

Go to *.

000,000 H; = (hy) € RUTVXI e, =(1,0,...,0)" e R 000

000 hy,=000000,00000000000000.000000000, A€ RVXNQ
000000 GMRESOOOO0O0O0O000O NOOOOODOOOODODOO Az=b00000000
( Saad - Schultz (1986) ). ADOOOOOO GMRESOODOOOOOOOOO, 000 Brown - Walker
(1997) 0 OO (2003) 00000000,

0O0,GMRESO0OO0OO (1)00000000000000000,A0mxn000,00000
zo 0000000000 rg=b—Aze0 mO0000000D0O0,r,0 ADODOODOOODOOO
000000000000.000,»xm0O0 BOODODODOOOOOOOOODOOOO0OO000O0OO
ooo.
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00000000 O (1989), Zhang - Oyanagi (1990, 1991) 0000 ADODOO BOODOO mxmO
0ABODOOD,mO000000000000000 (re, ABry,...,(AB)"lr,) 000000000,

000,00 MOOOO RM)O MOOOO,N(M)O MOOOO,0000VOO0O0O0OVAOV
00000000O0O0O0o00O0ooO.

00 21000beR™0000 min b Az|,= min b-ABz|, 0000000000000
00 R(A)=R(AB)OOO.



R(A) # R(AB) = R(A) D R(AB) = *b € R(A)\R(AB)

«—3IgecR", b=Az, 000 b#ABz YzeR™

= 0= min ||b— Azl < min ||b— ABz||,. 1
TeR" ZeR™

00 2.2 R(AAT) = R(A).

[00] R(AA™) ={Az |z € R(A")} = {Az |z e N(4)*}
={Az|x c N(A)LUN(A)} =R(A). I
(000,00 (1977), p. 26000000.)

00 2.3 R(A") =R(B) = R(A) = R(AB).

[DO] DD2200000. .

000, rankA=rankB=n000 R(A")=R(B)=R"00000.

000 R(A™) =R(B)00O0000,00 2300 R(A)=R(AB)000D00,000 € R"0O
000 Axg=ABzoOOUOOOO 2e R™OO0O0O,rg=b—Axg=7r9— ABzo O OO.

000 GMRES(k)DOOOOODOOOOO

min
ZeR™

b— ABz|> = min ||b— Az|>
TeR"

0000000O0D.000,00000 z=200 ABzy=Az,ODODOODOODODOD,0000000O
goooo.

GMRES(k)-LS O 1
Choose xg (Axg = ABzg).

* 'T‘Q:b—Aa’JQ (:b_ABzO)
To

[7oll2
fori=1,2,...,k
hji = (ABv;,v;) (j=1,2,...,4)

V1 =

i
f]iJrl = A.B’Uz — Z h]"i’l}j
j=1
hivii = ||Div1]l2
Vi1

Vi1 =
Rit1i

Find y; € R® which minimizes ||r;||2 = H lrollze; — Hiy H2 .
x; =xo+ Blvy,...,vily, (<= z; =20+ [v1,...,0i]y;)
r; =b— Ax;

if ||[ATr;]|2 <€ stop

endfor



ro=x (<= z9=2)
Go to *.

0000,0000000000 GMRES() 000000 GMRESOODODOOO00 (k=occ000)
0 GMRES-LSO 100000000. 00 GMRES-LSO 10000000000 (1)0000000
00O00000000000000.

00,00000 ( Brown - Walker (1997), 00 (2003) )00000.

00 24 AcR™™O0000000000OO.
GMRESOOD000beR™00000000000 2 €R"000000000000 min b — Az
o,

0000000000000 0000000 RA) =R(ATDOO. 1
ooooooooo.

00 2.5 R(A") =R(B)0OO,
0 R(AB) = R(BA") <= R(A) =R(B") 000000

[0O0] R(AT)=R(B)OOO,002200
R(AB) = R(AA™) = R(A), R(B™A") =R(B"B) = R(B"). .
000,00240 A=ABO0O0OO,002500,00000.

00 2.6 R(A")=R(B)0DDO00O00000O.
GMRES-LS0 10000 beR™ 000000 % cR"000000000000 min [|b— Az
€7l
00000000000000000000 R(4)=R(B"OOO. 1

gbO,000000000.

0 2.7 R(A") = R(B) 00 R(A) = R(B") 000 GMRES-LSO 10000 be R"00000OO
zg eR"000000000000 min b- Az, 0000000000, .
i,

000,R(A)=R(B™)0,B00000000COO000
(4) B=CA"

ggoogobbooood.
0000, Calvetti - Lewis - Reichel (2000), Reichel - Ye (2005) O GMRESOOOOO m > n 0
goooooooooooooooo,00 Aooooo0OOO0UdOOm—nbOO0OOOOOODOO

A=[A,000000,CGMRESOO

min
ZeRm

b— AZHQ (Z min ||b — A(I}”Q)
TeR"

00000000000O0O000.
000,000 GMRES-LSO 10000 B=[1,,0], A=ABO00O0O0OOOOOOO.000,]1,
OnxnO0000O0OO.
000, rankA=n000 R(A") =R(B)=R"000000,R(4A)=R(B") 000000000
0000,0026000000000000000000000000000000.
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0000000000,00»xmO00000 BOOOOOOOOOOOOOOOO000 r€R™
07 =BrycR"00000000,,00000000000000 (7o, BA#,... ,(BA)~1#) 0
000 GMRES(k)00000000000000O0D0.

GMRES(k)-LSO 2
Choose xg.
* ';'0 = B(b~— A:l‘:o)

hjﬂ' = (BA’U,L',’UJ‘) (] = 1,2, . ,i)

K3
’f)i+1 = BA'Ui — E hjvivj

Jj=1

hiyi: = Uf’z‘+1||2
Vi1
Vi1 =
i+1 hi-&-l,? i
Find y; € R’ which minimizes ||7;]|]2 = || ||[Fol2e; — Hiy Hz .
xT; = XTo + ['Ul, L. ,’Ui]yi
T, = b— Aa:i
if [[ATril|2 <€ stop
endfor
o= Ty
Go to *.
ooooOoo
(5) BAx = Bb

0 GMRES(k)0DDO0OOOOOOOOO.
oooooooooooot

00 28 000beR"0000000 BAz=BbOOOOO,0000
g%”w—AﬂbDDDDDDDDDDDDDDDRUD:RBUDDD.

CR»

[O0]

(=)

00,000beR™"0000000 BAz=BbUODODOODOO0O0OO0ODDOOO
(6) R(BA) = R(B).

000,000 BAz=Bb00000000,0000 min [b—Az,00000,0000,00
CRn
ObcR™O000,Bb-Az)=0000,A"(b—Az)=00000000000000

N(B) C N(A").

000000000000 00D0000000000000000.




ggoooooooo,
(7) R(A) € R(BY).
ggd
rank BA < min{rankA, rank B},
gooo
dim R(BA) < min{dim R(B),dim R(A4)}
000000, (6) 00, dmR(B) <dmR(4)000. 000,

dimR(B") <dimR(A)000000,(7)00000,R(A)=R(B")000.

(=)

R(A) = R(B") = R(BA) = R(BB") = R(B).
oo,
R(A) = R(B") = R(A) CR(B"). 1y
go,dd2s50000000b00ooao.

00 2.9 R(A) =R(B")O0OO,

OR(BA) = R(A"B") <= R(A") =R(B)D0ODOODO.

[0O0] RA)=R(B*)DODO0,002200

R(BA) = R(BB") = R(B), R(ATBT) =R(ATA) = R(A"). I
000,00240 A=BAOO0O,00290000000000.

00 2.10 R(A)=R(B7H 0000000000,

GMRES-LS0 20000 beR™000000 % €R"000000000000 min b Ax|s
nin
00000000000000000000 R(A”)=R(B)0O0OO. .

gg,bo0bogoooon.

0 2.11 R(A) =R(B") 00 R(A") =R(B) 000 GMRES-LSO 20000 be R"O0D0O00
2 € R"000000000000 min |[b-Ax|,0000000000. 1
s

0000, Reichel-Ye (2005) 0 GMRESOUOOOUO m<nO0000O0000O0DOOOOOOOO,
00 A00O0oOOCOOOOn—-mOOQOOOOOOCOO




goog,bgo

000, GMRES OO

B—Aa’;”g

min
eR”

gboooooooooogooo.
000,000 GMRES-LSO 20000,L,0mxmO0000000,

L,
0
O00O0,A=BA, b=BbODODOOODOODODOO.

000, rankA=mDO00 R(A)=R(B*)=R™000000,R(A")=R(B)0D000O0O0000O
0000,00210000000000000000000000000000000.

B =

23 pBOOOODOOODO

00000000,000000000000 rankA <min(m,n)00000000000O0OOO.
0oo:

(8) R(A) =R(B"), R(A") =R(B)

dooogog,d270000 21100, GMRES-LSO 1000 20000 be RMOOOOGOGO
zop €R"0000 min [Ib— Azl 0000000000,

000,00 80 B=A"000000OO.

00, rankA =min(m,n) 0000000000000,

O0,m>n=rankA (000O0O0)000000OO.

dooooooo ceR™™0000 B=CATODODOOoooooO. BJATeR¥™QOooooQg
goooo.

B=CA%™, CeR™ .00

(3
BT*=AC*, (C*:00
|}
R(A) = R(B™).
ooo,
n = rankA” = rankA = rankB" = rankB
oo

R(AT) = R(B) = R"

goooo.
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000, AB € R™™, BA € RV, m >n 000, GMRES-LSO 2(BAz = Bb) 000000
GMRES-LSO 100000000000 000000O0O00OO0O. rankA=n000 AT4, 000
diag(ATA)00DO0000,CO00000000 Zhang - Oyanagi (1991) 0000 C := {diag(ATA)} !
gogoooooooog.

O0,rankA=m<n(000)0000,00000000CeR™™O0000 B=A"COOOO
00o0o0g. BA"eR™™OOOOOOOODOOO.

B=A"C, CeR™™:00

(3
R(AT) = R(B).
noo,
m = rankA = rankA" = rankB = rankB"
oo
R(A)=R(BT)=R"
goooao.

D00, ABER™™, BA€ R, m<n 000, GMRES-LSO 1 (min |[b— ABz|>) 0000
nn,
00 GMRES-LSO 20000000000000000000000. rankA=m0O00 AAT, 00

0 diag(AA™) 000000,C00000000 C = {diag(AA™)}~' 000000,

3 BOOOO

R(A) = R(B"),R(A™) = R(B)0D00000,00000000, B0 AB~1,000 BA~I,
ggboooboooooo.

000000000, 000000000,m>n=rankA0000 C = {diag(A™A)}"' 000,
rankA=m <n0000 C:={diag(AA™)}"' 0000000000000,

3.1 000QROO

0000,m>n=r1ankA(000)0000,0000000000000,A=QR+EDDO0OO
0000 QROODOOOOOOO. 000,QeR™"00000000,ReR™O00ODOOO,
E0ODOO0DDOO.

00000 ROO 3)00000000 CGOOOOOOOOO,O000 B=R'QTO0000,
GMRES(k)-LSO 1,200000000000.

000 GMRES(k)-LSO 2000, R7!Q"Az = R7'Q™ 0 GMRES(k) 00 0O0O00O. OO0
R'QTAD CGLSOODO0OD 3)0 A=R "ATAR'0D00D0D0OODODOODO.

3.2 IMGS(/)O

000 QROOOUOOUOOO, 00 Gram-Schmidt O (00O Bjorck (1996) )D0O0DO0OO0OD0O QO
000000000000 !000000U0o0o0U0ooO0o0O,000 IMGS(H)ooooo.
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az(-l):ai (i=1,...,n)

fori=1,2,...,n
(i) a;”
ri = lla; ]2, g, =——
. . T
forj=4i+1,... ,min(i +1,n)
rij = q,LTa,;l)
- A
a§»l+ ) = a;l) —Tijq;
end

end

000000000000,0q,0 ay,...,a,000000, (q,...,q,)=(a,...,a,) 0000
0000,C000000000,Q=AC00000.000,Q"=C"4"00000.

00,7 #0 (i=1,...,n)00,R=(r;) 000000.

000,CO000000000,B=R1QT=R'CTA"=CA™0D0000.000,IMGS()00
00 R(A)=R(B™) OO0 R(A™) =R(B)DOIDOO.

000,0000000.

00 3.1 IMGS(0) 00 B = {diag(A"A)}"'A"0000000000. "

4 0000

goboobobboobboobboobooboobog.

4.1 00000
gg,ggobboobbogd
min ||b— Az, AeR™"™ (m>n)
ZTeRn

0000,0000 A0 MATLAB6O0OOOO sprandn00000. 00000000 (000000
0)0000,00000000000000000000,000000000000000000.0
0000,000000000,m=1,000,n=2320, 00000000 49% 000 RANDS2(0O0:
2x102)000 RANDS6(00D: 1x10%0,000000000, m =10,000,n= 1,000, 0000
0000 1.5%0,00000 1000000 RANDLI-RAND7OOOO.
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01000000000 (@uoon).

Name oo

RANDL1 | 6 x 10*
RANDL2 | 4 x 102
RANDL3 | 3 x 10?
RANDL4 | 3 x 10*
RANDLS5 | 2 x 10°
RANDLG6 | 2 x 10°
RANDL7 | 2 x 107

bOOODOOOD,00m=1,000000 m=10,0000000,000000000000000
00000,b¢R(A)OO0O0DDDOO0.

000000,000 (1)-(5)00000.

(1) CGLSO: 00000 A™Az = A0 CGOOOO.

(2) 000000 Jennings - Ajiz (1984) 000 IMGSOOODD0O00000O0O

CGLSOO0O0O0D0DO.

(3)0000000000 IMGS()00000000000 CGLSO0O0D000.

(4) IMGS() D000 B=R'Q"000, GMRES(k)-LSO 100000,

(5) IMGS() 0000 B=R'Q"000, GMRES(k)-LSO 200000.

000,0000002,=000,0000000,r=b—Az000000, |[A%|2/|A"b] <107°
oooao.

0000000000 MATLAB6000, 0000 NECO PC(AMD Atheron XP 2000+, 1.66GHz,
736MB RAM) 0000

(2) 0 Jennings 00 IMGSOODOOODOO0DO0O00 r=1(0000000000000000000)
000 (0000000)00000,0000000 7=010000. Saad (1988) 0 IMGSO OO0
00, Jemnings 0000000000000,

00,0000 1IMGS()00000 (0000000000000, RANDS2, RANDS60000, (5)
0 IMGS()) 00000 GMRES-LSO 2(0000000)0/00000000000,0002,03
00D00(=00000000000000000000)00000000000000001=00
000.000,0031000000,B=CA",C={diag(A™4)}"'0000000000.
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0 2: IMGS()00000 GMRES-LSO 200 /000 (RANDS2).

| |0D0D00O0(0)| 0000 (0)| 000 |00000 (0)

0 0.02 3.88 131 3.90

0.81 8.30 130 9.11

10 3.46 9.19 128 12.7
50 14.2 8.41 119 22.6
100 29.5 6.12 91 35.6
200 71.0 3.17 48 74.2
300 98.4 0.92 9 99.3
320 99.9 0.52 1 100

OO0O00: [[A™r|2/||A™b|]2 < 1076,

0 3: IMGS()00D000 GMRES-LSO 200 (000 (RANDS6).

l 00000 (0) |00o0o (0) |0o00 (ooooo (o)

0 0.02 19.7 320 19.7

0.79 30.5 320 31.3

10 3.24 32.9 320 36.1
50 13.4 32.9 320 46.3
100 27.9 33.0 320 60.9
200 68.3 15.7 192 84.0
300 97.2 1.7 24 98.9
320 97.8 0.5 1 98.3

0O00O0: [|A |2/ ATb|2 < 1075,

000,01000000, RANDL2, RANDL3O 000 (IMGS(0) 00000 )GMRES(k)-LSO 2
0000,00000000k000000000,040000000.

040000,k00000000, iter, time00000000000000000 (0)000. O
0,«0000000000000000.000,{00000000000000000000. 00
00,000,000000,0000000000000000000,00000000000000
0 GMRESOOOOO.
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0O 4: GMRES(k)-LSO 2000000000 k00D (DOOOO).

RANDL2 k 10 50 | 100 | 150 | 200 | > 221
iter 402 | 278 | 238 | 240 | 223 221
time | 68.3 | 37.1 | 36.4 | 40.9 | 45.3 | *32.5
RANDL3 k 10 50 | 100 | 200 | 300 | > 438
iter | 1,759 | 983 | 714 | 582 | 511 438
time 317 | 174 | 142 | 129 | 132 *101

00: 0000000, 0O0:000, 00:0000 (0),
OO0O00: [[A™r|2/||A™b|]2 < 107C.

00,0 1,2000000 RANDS2, RANDS6 00000000000 vs. |[A™r|2/||A™b|, 000
O000. 00000 RANDS60 0 (5)0 GMRESO 20 (2)0000 CGLSOO (4) 0 GMRES O
10000000000000000000000.

RANDS2

relative residual (log10)
]

(@)

— (1)CGLS
(2)IMGS-CGLS
' (3)IMGS(0)-CGLS
== (4)IMGS(0)-GMRES 1
(5)IMGS(0)-GMRES 2
6 | | | |
0 20 40 60 80 100
iteration

0 1: 000 vs.||A™r||2/||A™b]2 (RANDS2).
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RANDS6
0.5

— (WcoLs
(2IMGS-COLS
ol 1 (3)IMGS(0)-CGLS U
-~ (4)MGS(0)-GMRES 1
X (5)IMGS(0)-GMRES 2

relative residual (log10)

-25

. . . .
0 20 40 60 80 100
iteration

0 2: 000 vs||A™r|2/| A™b||» (RANDSE).

00,050010000000000000000000. 00000000000000000,
0000000 (0)000.000,{00000000000000000000.

0Os00000000000.

0000 10'~10°00000 (3)0 IMGS(0)000000 CGLSOO0000000. (2)0 Jennings
00 IMGSOOO0OO0O CGLSO0000000000,000000000.000,00000000
DooooooO0O0OO0O0O0O.

0000 105,1070000000000,(1)0 CGLSO, (2),(3)000000 CGLSO, (4) 0 IMGS(0)
00000 GMRES-LSO 10000,0000000000000000, (5)0 IMGS(0)00000
0 GMRES-LSO 200000000000000000. (5)0 (3)0 IMGS(0)000000 CGLS
000000000000000,GMRESOO Gram-Schmidt 0000000000000, CGO0O
0000000000000000,00000000000 GMRESOO CGOOO0O0O0O000O00O0
0ooooooO0O0O0O0O0O00.

00, (5)0 GMRES-LSO 20 (4)0 GMRES-LSO 1000000000000000000000
0.000,0020nxn00 BAOOOOOOOOOOOOOOOO0OOOOOOO,0010 mxm
00 ABOOOOOOOOOO0O0O0O0O0OOO00,0000r<mO0000000000000000
oooooo.
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05 000000(@OOO0).

Matrix | (1)CGLS | (2)CGLS | (3)CGLS | (4)GMRES 1 | (5)GMRES 2
IMGS | IMGS(0) IMGS(0) IMGS(0)
RANDL1 131 19 58 59 57
5.8 623 % 3.0 32.3 48
RANDL2 791 43 243 232 221
49.0 780 | *15.9 308 32.5
RANDL3 5,227 109 586 458 438
259 1,150 | % 27.1 1,090 101
RANDL4 | 10,000 535 3,980 977 980
2,030 % 207 6,630 470
RANDL5 | 10,000 t 884 7,901 981 971
2,970 % 380 6,840 433
RANDLG | 10,000 2,340 | 24,399 1,000 994
5,690 1,510 % 462
RANDL7 | 10,000 4998 | 51,560 1,000 1 983
11,800 3,270 % 458

00: 000, 0O0:0000 (D), O00O0O0: |AT|2/|ATb|2 < 107C.

4.2 00000

gb,0000000000

go00o0oooooO0Oo0ooD.00DoD0 ACD 10000 RANDLnOOOOODOD,0D00 RAN-
DLnTOOOOOOOO. OO0, m=1,000,n =10,0000, 00000000 1.5%000. OO,
RANDLnTOOOOOOOOOOOOO RANDLnOOOOOOOO. b0 x*=(1,...,1)" 0000

b=Az*0000.

0000000 rankA=m0O0000,Az=b000 20 (000)000000000 r=0b- Ax

in [[b—A
Join [|b— Azx|l2,

AER™™  (m<n)

000 |lr|z/lblle <107 0000000. 000000 zp=0000.
00000000 (1)—-(6)0000000.

(1) CGLS O.

(2) C = {diag(AA™)}"1 00000000000 CGLSO. (IMGS(0) 0000000000000

0000 CGLSO))

3

GMRES-LSO 10 B=AT000OOOO.

4) GMRES-LSO 10 B = A™C, C = {diag(AA™)}~' 000000,

(3)
(4)
(5) GMRES-LSO 20 B=AT000000.
(6)

6) GMRES-LSO 20 B = A"C, C = {diag(44™)}~' 00000DO.
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gbobooooobooobooboobooooobobooo.
0600000000000 O0OUOCOOOO. OUOUOOOOOUOOO,0000000((@)OO
O.000,f0o0o0O0O0O0O0O0OODODODODODODODODOO.

06000000 (@OOOn).

Matrix (1) CG | (2) CG | (3) GMRES 1 | (4) GMRES 1 | (5) GMRES 2 | (6) GMRES2
diag diag diag

RANDLIT 127 57 113 56 115 58
x 2.05 2.50 6.25 2.81 52.3 14.3

RANDL2T 773 216 428 202 439 212
119 | *7.22 94.9 17.0 796 182

RANDL3T 4,842 538 820 429 828 453
76.6 | *19.4 629 79.8 2,920 782

RANDLAT | 21,818 3,855 935 974 943 981
328 x 144 1,050 1,240 4,020 4,700

RANDL5T | 94,806 6,683 980 976 984 982
1,650 * 236 1,240 1,140 4,200 4,790

RANDL6T | 138,959 | 21,338 943 992 950 996
2,230 * 785 988 1,360 4,350 5,160

RANDL7T | 179,202 | 34,683 872 962 882 980
3,260 1,320 * 787 1,060 3,720 4,820

00:000, 00:0000(@), 0000: |r)a/|bl: <1075

0600,00000(3)0 (4)0 GMRES-LSO 10000000000000000. 00000
0, RANDLIT OO RANDL6T OO OO0 (1) 0 CGLSO O (2) 0 IMGS(0)-CGLS 00000000
000D00,0000000 RANDL7TOO (3)0 GMRES-LSO 10000000000.00,00
00000 (1)0 CGLSODO (3)0 GMRES-LSO 100000,0000 10°00000000000
000000000.000,GMRES-LSO 10200000,00000000000000000
0000,00000000000000000000,000000000000000,00000
ooo.

5 4UoO0

GMRESOOOOOODDDO000000D0D000,000mxn00000 ADDOO,nxmO0
0 BO0OD, min [b-ABz|;0 GMRESO0000000 10, min |[Bb— BAz|, 0 GMRES
00000000 200000.

00,000000000000000000000000000000000000 BOOOO
00000000.000,B000000000 QROODODOOIMGS()D00000O

0000000000000000000000000000,000000000 IMGS(0)000
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0O GMRESU 2(0000000000000DO0O0DO0ODOOO GMRESOODOOODOOOOOOO
0)0000000O CGLSOoOoUooooooooooooo.

oo0,0000000000O00oO00oOOU0O,0000Oo000oDOCOO0OODOn0 GMRES
010000000 CGLSOoOoOoooooooooooon.

oo

gooooooooooo0ooooDooOOo,b0000,000000,Yimin WeiODO,0000000,
gob,o0booboobooboobooboobooboobo.oo,bobboobbobbd
gogb,0bobooobooboboobooboboo,ooboobobooboboboboobo
gbooooooobooooobo.obobooobooboooobooboooobobooog.
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