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On the Convergence of the Conjugate Residual Method

for Singular Systems
Ken HAYAMI
Foundations of Informatics Research Division

National Institute of Informatics

Abstract. Consider applying the Conjugate Residual (CR) method to systems of
linear equations Ax = b or least squares problems aI:IéIP{ln |b — Azx||o, where A € R™*"
is singular and nonsymmetric.

First, we prove the following. When R(A)* = ker A, the CR method can be decom-
posed into the R(A) and ker A components, and the necessary and sufficient condition
for the method to converge to the least squares solution without breaking down for
arbitrary b and initial approximate solution @ is that the symmetric part M(A) of
A is semi-definite and rank M(A) = rankA. 0 Furthermore, when xy € R(A), the
approximate solution converges to the pseudo inverse solution.

Next, for the case when R(A)dker A = R™ and b € R(A), the necessary and sufficient
condition for the CR method to converge to the least squares solution without breaking
down for arbitrary @, is also derived.

Finally, we will give examples corresponding to the above two cases arising in the
finite difference discretization of two-point boundary value problems of an ordinary

differential equation.
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O000. D000000 A0OnxnOO0OOO,z,be RPOO0O. (1.1)ODODOO
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Residual method)[11], TFQMR O (Transpose-Free Quasi-Minimal Residual method)[9]
ooo000. 00,(L.H)ODODD0OD»=b-Axz0000000000000O0OOO0O,
00000 (Conjugate Residual method: CR O)[7], GCR O (Generalized Conjugate
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ker X: 00 XOOOO,000,Xv=000000000veR"O0000O00O00O0O,

X+ X7
Aﬂxy:—%r—;mmxmmmm,

An(X): 00 XO0DODOOOO0D0O000O0D0O000000OO,
A (X):00X000000000000000000000000,
max(X): 00 XO0OOODOOOODOOOOO0O0000DOO,
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q,,-,q,: RADDODOOOOO,
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00, e :=(1,0,0)%, e :=(0,1,0)T, ey :=(0,0,1)T 0000,
Ae; =0, Aes; = e, Aes=e; 0 00.
000, R(A) = (e1,e;) 0 r=2000, R(A)* = (e;)000. DOD,
(ker A)t = (eq,e3), ker A= (e;) 000, R(A) # (ker A)t, R(A)L #ker ADDDO.
O000,q, =e,q,=e3,q3=e 000, Q) =[q,q,] = [e1,e3], Qx = [q3] = [e]
nooo,

o T 01 0 00
A11=Q1TAQ1=[ lT] 0 00 {61 63}:[ ]
0

000,A,000000.
00,0000

1010 ) .
Ap = Q1"AQy = [61T] 00 [62]:[ ]7&[ ]
0 0

€3

=}

0O0,0000000000.
00 31 Ay =Q,"AQ,: 00 <= R(A)*@kerA=R". O

(00 ]

Q1"AQ, 00

<:>Q1T[Aq17"'7Aqr] = {QITAql,"',QlTAqT} - ggd
— | Y@ TAq) =0 = cl:...zcr:()]

=1



= -QlTA<§r:c,~qi> =0 = 01:---:cr:01
L i=1

— | A (i@%) ERANRA = ;= =¢ :0]
L \i=1

— A(iciqi>:0:>01:-~-:cr:01
L \i=1

— iciqiekerA:clz---:cr:O]

= [313:16 R(A)Nker A = x = 0]

<= R(A)Nker A= {0}
< R(A)@kerA=R".

O00,000000000.
00 3.2 Ay =Q,"AQy, =0 <= R(A)* =kerA. O

(00 ]

Q1" AQy =0

— QIT[Aqurl? o qun] =0

& Aq; € R(A)" (r+1<j<n)

< Aq; € R(A)NR(A)* ={0} (r+1<j<n)
= (¢,11, ", q,) =ker A

< R(A)t =kerA.

003200 RAY =kerAD 4, =0000000,00000000,00 QTAQ
000 CROODOOOOOOOOOOOOOOOOOOOO.
00,003100000000.

0 3.3 1:5(14)l :kerA:>A11 S O

(00] R(A)r =kerA= R(A)®ker A=R"<= A;;: 00 .

0000,000000000000.
00 3.4 R(A) =ker AT. O

[00]

x € R(A)*

— (A'z,y) = (x,Ay) =0 Vy e R"
— ATz =0



= xckerAT.

gogo,oogoobo.

00 35000 (1), (2),(3), 000000,
(1) R(A)* =ker A,

(2) A1 =0,

(3) ker AT =ker A,

(4) R(AT)=R(4). O

~— — ~— “—

(00] (1) «<=(2)00032. (1)« (3)0003400000. (1) < (40,0
0340 ATOOOO0O00O RAT) =kerADDOO,
R(A)t =ker A <= R(AT)' = R(A)!t < R(AT)=R(A) DOOO0OO.

00000 RA)=kerADODODODOOO0BO00000000. 00,00 320
0ooooooo.

0 3.6 AT=A — R(A)* =kerA. O

[(00]
AT = A
—_— .
Ay 0 T T T AT T Ay Agg
AuTO] (@QM4Q) =QTaTQ=Q"aQ =" " *
:>A12:0

< R(A)t =kerA.

000,0000 A0DDO RA*=kerADODOOODOO. OOO0DOOO0DO,000
goooooobobooooog.
00 3.7 A:00 = R(A)'=kerd. O

(00]ADDD0ODOOOO,
T Eker A &= Ax =0 <= (Az, Az) = 0 < (ATAz,z) = 0

= (AATz, ) = 0 <= (ATz, ATz) =0 &= ATz = 0 & = € ker A™.
O00,kerA=ker ATODODOO0 RA=kerADDD.

oo, goouobbbbbboodooouoooooobb.
00 3.8 A:00 = R(A)*=kerA. O

(00]A:00 = R(A)* =kerA={0}. ,



3.2 CROO R(A),kerADD OO

000,000RA)*=kerAD0D0D0O0O00O0DOOO,

o
(3.3) A=qQrag=| "

A 0]

000,0000 A, =Q,"4Q,000000.
000,000000000000,[1)000000CROOOOO0O00000OO
0 R(A)OOD0O0O0D0O0O RAX =kerADDDDOOO0O0OOOOO. 00O, CRO
0000000000000 CROOOOD RADODODODODODODODOOOOOOOO
000.000,RA)000D0O0O0CROOOOOOOOO.

0 (32)0000000, (22)0 CROODODDOOOOOOOO00OOO00O0O000
x,p,b,r (000000)0,000000 RA)DOD (000000, q,qy, -,q, 0
0000000000, «,p!,b',r'000.)0 RA)L =ker ADDOD (0O0O000OO,
Qi1 rioy--,q, 00000000000, 22,p%,b°,72000.)0000000.

o QlTa:___:cl_ o x!
w_Qw_[QgTa:___a:Q_’ w—Qw—Q[mQI.
~ AT QlTp-__pl- _ = pl
p=Q p= QQTp___p2_’ p=0p=Q| , |.
(3.4)
~ I Tb' 'bl' ~ bl
b= Qb= g;Tb =1 | b:Qb:Q[bQI.
e -
e [g] (1) emenelz]
2
(3.5)

Oo0,000000 r=b—-Az 00O0ODO,

r=QTr=Q"b - Q"Ax 00O,
AH 0 Jll -
0 0| x|

bl — Anazl
b2

Auazl

QTAx = QTAQz = .

00
(3.6) 7= [r; ] =Qr=Q"0 - QT Ax =
r




oo00.000,B8.1)00oo20000000

Ib— Az|s* = |r]s* = r"r =rTQQ"r = (Q"r)"Q"r
o 2
= FTF = e 4 ()" = (et + (6P
2
(3.7) > [|b7]]2

000.000,A,000000,0 (3600 '=A4,,"'" 000 r'=0000
0o

. _ 2 _ 2 2
Jnin [[b — Az|)," = [[b7]
oo0.ooo,
2 .
(3.8) 2" = lIrlle” — i, 116 - A’
oon.

00,0 (3.3),34),35 000000 (22)0 CROODODO0O0O0O0O0O z,r,p OO
00000000 RA)OkerADDDOODOOOOO.

1 1 1 2 _ .2 2
T =T, +a;p; Ti = Ty + ap;j
1 1 9 9 32
’T’Z-Jrl—”'i—Oéz‘Allpi Tiy1 =T =b

pzlJrl = ""zl+1 + Bip} p?ﬂ = TZ?+1 + Bip? = b’ + Bip?

0o,
(r,Ap) = (QF,AQp) =7"QTAQp
A1 O 1
o 1T oT 11 D o 1 1
= {r , T } 0 0 p2 = (’T’ ,Aup ),

(Ap, Ap) = (AQD, AQDP) = p QT ATAQP = p" QT ATQQ" AQp = (Ap, Ap),
ooog,

AZN) _ A 0 pl _ Anpl
0 0] p? 0 ’

ooao,

(Ap7 AP) = (Anpl, Allpl)'
ooao,

(Ar,Ap) = (AQ7, AQp) =7 QTATQQTAQP

= (A”NUAZB) = (An”’l,Anpl)‘

ogoooo,
o — (ri, Ap;) _ (7, Aup})
" (Ap;, Ap;)  (Aupi Aup})’

ggoog

g — A Ap) _ (Auri, Aupi)
Z (4p;; Ap;) (Anp;, Auip;)
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00000000,00: R(A)=ker ADOOORA)ODOOD kerADDDOOODO
0 CROODOOOOOOOOOOOOOO.

DoodocrROODoogoogn

bbbz OO.

R(A)OO ker ADDO
b'=0Q,"b b>=Q,'b
Ty = Q' xo xf = @y g
ri=>b"— Apx} ri =b

Py =T p; = b’

i=0,1,..0000000 RA)DDO (¢1)00D000000000000.

o — (7'11:114111721)1
’ (Allpi7 Anpi)

1 1 1 2 _ .2 2
T = T; +oup; T =T; + op;

1 .1 A 1 2 _ 12
T, =T, — a; A p; T, =20

8 = _(Allril-l—la Allpil)
’ (Allpzl7 AnPi)

Pl =Tl + i} P2, = b* + Bip?
(3.9)
00000000000, RA)DO00O0OODDDD,0000000
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00000 CROOOOOOO. (003100, 00:RA* =kerADDOOOODO
A,00000000000.)00,kerA0D00000000 20000 (3.1)000
200060000, (0(3.7)00.) 000,00000CROOOOOOOO (3.9)0
0000000,0(3.10)0000 CROODOOOOO0O0000000 - 000000
000.000,002200,00000 CROODOOO0000000000OO0.

00 390000 A, =Q,"4Q, 0000 M(A,,)0O00D0OOCOOO0O,000000
gogooo.
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ooo.o000,
AATODOOO0OO0O0 =AA,'0000000 u{o}

ooo,
)\max(AllTAll) = )‘maX(ATA)
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Dooooooo.
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j=1

000.000,0000000000 Y ¢?=10000,

j=1

{%}2 - <Z Aicff > Anin(M)?

ood.
goooo (C o) ( CTC)
r,Cr r, r
(r,7) B (r,7) < A 10,
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